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The Black-Scholes Formula

These notes examine the Black-Scholes formula for European options. The

Black-Scholes formula are complex as they are based on the geometric Brow-

nian motion assumption for the underlying asset price. Nevertheless they

can be interpreted and are easy to use once understood. We start off by

examining digital or binary options which are easy and intuitive to price.

We shall show how the Black-Scholes formula can be derived and derive and

justify the Black-Scholes-Merton partial differential equation.

Keywords: Black-Scholes formula, Black-Scholers-Merton partial differen-

tial equation, replication, self-financing portfolio, martingale pricing, bound-

ary conditions, PDE.
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Digital Options

To help understand the Black-Scholes formula for call and put options we

start by looking at digital options. Digital options are very simple. A digital

call with a strike price K and maturity date T pays out one unit if S(T ) > K

and nothing otherwise. Likewise a digital put with a strike price K and

maturity date T pays out one unit if S(T ) < K and nothing otherwise.

Thus for a digital call option the payoff at maturity is:

cb(T ) =

0 if S(T ) ≤ K

1 if S(T ) > K
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and the payoff at maturity to a digital put option is:

pb(T ) =

1 if S(T ) ≤ K

0 if S(T ) > K.

We now show how to value the digital call option. The end price ST is a

random variable. We have by assumption that lnS(T ) is normally distributed

with

E[lnS(T )] = lnS(0) +

(
µ− 1

2
σ2

)
T

and

Var[lnS(T )] = σ2T.

Thus
lnS(T )− lnS(0)−

(
µ− 1

2
σ2
)
T

σ
√
T

is a standard normal variable with expected value of zero and standard devia-

tion of one. We want to know the probability that the call option is exercised.

The call option is exercised if ST > K or equivalently if lnS(T ) > lnK. Thus

the probability of exercise is given by 1−N(x∗) where

x∗ =
lnK − lnS(0)−

(
µ− 1

2
σ2
)
T

σ
√
T

As we have seen options can be evaluated using risk-neutral pricing, that is

as if all assets earn the same rate of return, r as the riskless asset. Thus we

replace µ by r in the above equation to get

x =
lnK − lnS(0)−

(
r − 1

2
σ2
)
T

σ
√
T

.

Thus the probability of exercise in a risk-neutral world is 1−N(x) = N(−x).

The call option pays out one unit if it is exercised but only after T periods.

Thus the expected discounted value of the digital call option is

cb(0) = e−rTN(−x).
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There is a simple condition for put call parity for digital options. This is

given by

cb(0) + pb(0) = e−rT

since if one buys a digital call and a digital put with the same strike price

and maturity date, one is sure to have one unit at time T no matter what

the price of the underlying asset. Hence the put price satisfies

pb(0) = e−rT − cb(0) = e−rT − e−rTN(−x) = e−rT (1−N(−x)) = e−rTN(x).

Equivalently we can see that the risk-neutral probability that ST < K is

given by N(x) and hence the value of the binary or digital put is e−rTN(x)

where x is given above.

The Black-Scholes Formula

Plain options have slightly more complex payoffs than digital options but the

principles for calculating the option value are the same.

The payoff to a European call option with strike price K at the maturity

date T is

c(T ) = max[S(T )−K, 0]

where S(T ) is the price of the underlying asset at the maturity date. At

maturity if S(T ) > K the option to buy the underlying at K can be exercised

and the underlying asset immediately sold for S(T ) to give a net payoff of

S(T )−K. Since the option gives only the right and not the obligation to buy

the underlying asset, the option to buy the underlying will not be exercised

if doing so would lead to a loss, S(T ) −K < 0. The Black-Scholes formula

for the price of the call option at date t = 0 prior to maturity is given by

c(0) = S(0)N(d1)− e−rTKN(d2)

where N(d) is the cumulative probability distribution for a variable that has

a standard normal distribution with mean of zero and standard deviation of
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one. It is the area under the standard normal density function from −∞ to

d and therefore gives the probability that a random draw from the standard

normal distribution will have a value less than or equal to d. We have there-

fore that 0 ≤ N(d) ≤ 1 with N(−∞) = 0,N(0) = 1
2

and N(+∞) = 1. The

term r is the continuously compounded risk-free rate of interest and d1 and

d2 satisfy

d1 =
ln(S(0)

K
) + (r + 1

2
σ2)T

σ
√
T

d2 = d1 − σ
√
T =

ln(S(0)
K

) + (r − 1
2
σ2)T

σ
√
T

Here σ2 is the variance of the continuously compounded rate of return on the

underlying asset.

Likewise the payoff to a European put option with strike price K at the

maturity date T is

p(T ) = max[K − S(T ), 0]

as the put option gives the right to sell underlying asset at the strike price of

K. The Black-Scholes formula for the price of the put option at date t = 0

prior to maturity is given by

p(0) = c(0) + e−rTK − S(0) = e−rTK(1−N(d2))− S(0)(1−N(d1))

where d1 and d2 are defined above. By the symmetry of the standard normal

distribution N(−d) = (1−N(d)) so the formula for the put option is usually

written as

p(0) = e−rTKN(−d2)− S(0)N(−d1).

Interpretation of the Formula

Rewrite the Black-Scholes formula as

c(0) = e−rT
(
S(0)erTN(d1)−KN(d2)

)
.
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The formula can be interpreted as follows. If the call option is exercised at

the maturity date then the holder gets the stock worth S(T ) but has to pay

the strike price K. But this exchange takes place only if the call finishes in

the money. Thus S(0)erTN(d1) represents the future value of the underlying

asset conditional on the end stock value S(T ) being greater than the strike

price K. The second term in the brackets KN(d2) is the value of the known

payment K times the probability that the strike price will be paid N(d2). The

terms inside the brackets are discounted by the risk-free rate r to bring the

payments into present value terms. Thus the evaluation inside the brackets

is made using the risk-neutral or martingale probabilities. The term N(d2)

represents the probability that the call finishes in the money where d2 is also

evaluated using the risk-free rate.

Remember that in a risk-neutral world all assets earn the risk-free rate.

we are assuming the the logarithm of the stock price is normally distributed.

Thus ν̃ the expected continuously compounded rate of return in a risk neutral

world is equal to r − 1
2
σ2 where the variance is deducted to calculate the

certainty equivalent rate of return. Therefore at time T ln S(T ) is normally

distributed with a mean value of ln S(0)+(r− 1
2
σ2)T and a standard deviation

of σ
√
T . Thus

ln S(T )− (ln S(0)) + (r − 1
2
σ2)T )

σ
√
T

is a standard normal variable. The probability that S(T ) < K is therefore

given by N(−d2) and the probability that S(T ) > K is given by 1−N(−d2) =

N(d2).

It is more complicated to show that S(0)erTN(d1) is the future value of

underlying asset in a risk-neutral world conditional on S(T ) > K but a proof

can be found in more advanced textbooks.

The formula also has another useful interpretation. From our analysis of

the binomial model we know that the value of the call is

c(0) = S(0)∆−B
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where ∆ is the amount of the underlying asset bought and B is the amount

of money borrowed needed to synthesize the call option. From the for-

mula therefore N(d1) is the hedge parameter indicating the number of shares

bought and e−rTKN(d2) indicates the amount of cash borrowed to part fi-

nance the share purchase. Since 0 ≤ N(d) ≤ 1 the formula shows that

the replicating portfolio consists of a fraction of the underlying asset and a

positive amount of cash borrowed. The ∆ of this formula is also found by

partially differentiating the call price formula

∂c(0)

∂S(0)
= ∆.

It is the slope of the curve relating the option price with the price of the

underlying asset. The cost of buying ∆ units of the stock and writing one

call option is S(0)∆− c(0). This portfolio is said to be delta neutral as a

small change in the stock price will not affect the value of the portfolio.

Boundary Conditions

We shall consider the boundary conditions for the call option. Consider first

the boundary condition for the call at expiration when T = 0. To do this

consider the formula for the call option as T → 0, that is as the time until

maturity goes to zero. At maturity c(T ) = max[S(T ) −K, 0] so we need to

show that as T → 0 the formula converges to c(0) = max[S(0) − K, 0]. If

S(0) > K then ln(S(0)
K

) > 0 so that as T → 0, d1 and d2 → +∞. Thus N(d1)

and N(d2) → 1. Since e−rT → 1 as T → 0 we have that c(0) → S(0) − K
if S(0) > K. Alternatively if S(0) < K then ln(S(0)

K
) < 0 so that as T → 0,

d1 and d2 → −∞ and hence N(d1) and N(d2) → 0. Thus c(0) → 0 if

S(0) < K. This is precisely as expected. If the option is in the money at

maturity, S(0) > K, it is exercised for a profit of S(0)−K and if it is out of

the money, S(0) < K, the option expires unexercised and valueless.
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As another example consider what happens as σ → 0. In this case the

underlying asset becomes riskless so grows at the constant rate of r. Thus

the future value of the stock is S(T ) = erTS(0) and the payoff to the call

option at maturity is max[erTS(0)−K, 0]. Thus the value of the call at date

t = 0 is max[S(0)− e−rTK, 0]. To see this from the formula first consider the

case where S(0) − e−rTK > 0 or ln(S(0)
K

) + rT > 0. Then as σ → 0, d1 and

d2 → +∞ and hence N(d1) and N(d2) → 1. Thus c(0) → S(0) − e−rTK.

Likewise when S(0)− e−rTK < 0 or ln(S(0)
K

) + rT < 0 then d1 and d2 → −∞
as σ → 0. Hence N(d1) and N(d2) → 0 and so c(0) → 0. Thus combining

both conditions c(0)→ max[erTS(0)−K, 0] as σ → 0.

At-the-money Options

Consider an option that is currently at-the-money, S(0) = K. Then the

formula for the call option becomes

c(0) = S(0)
(
N(d1)− e−rTN(d2)

)
where

d1 =
(r − 1

2
σ2)T

σ
√
T

; d2 = d1 − σ
√
T .

Thus the price of an at-the-money call option is simply a fraction the price

of the underlying.

There is an even more convenient approximation if we take K = S(0)erT ,

that is where the strike price is forward price of the underlying asset. Then

c(0) = S(0) (N(d1)−N(d2))

and

d1 =
ln(S(0)

K
) + (r + 1

2
σ2)T

σ
√
T

=
1
2
σ2T

σ
√
T

=
1

2
σ
√
T
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and d2 = −(1/2)σ
√
T . By Taylor’s theorem, expanding N(x) about x = 0

gives

N(x) ≈ N(0) + xN ′(0) +
1

2
x2N ′′(0).

Thus we have

N(d1)−N(d2) ≈
(
N(0) + d1N

′(0) + (1/2)d2
1N
′′(0)

)
−
(
N(0) + d2N

′(0) + (1/2)d2
2N
′′(0)

)
Hence since d2

1 = d2
2 and d1 = −d2 = (1/2)σ

√
T we have

c(0) ≈ S(0)
(
N ′(0)σ

√
T
)

and since N ′(0) = 1/
√

2π we have

c(0) ≈ S(0)σ
√
T√

2π
≈ 0.4S(0)σ

√
T .

This can be used as a rough and ready method for calculating the implied

volatility if the price is known. Note this formula applies equally to puts as

well as calls.

The Black-Scholes-Merton Partial Differential

Equation

We wish to price a call on an underlying stock. Assume that the time to

maturity is T and the strike price is K the volatility of the underlying asset

is σ. We assume that the underlying asset follows a geometric Brownian

motion process

d S(t) = µS(t) dt+ σS(t) dz(t)

where dz is a Wiener process, i.e. has zero mean an unit variance and in-

crements are independent. We assume there is a risk-free asset that has a
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constant continuously compounded rate of return r so that a money market

account follows the process

dB(t) = rB(t) dt.

The latter is equivalent to B(t) = B(0)ert. The excess return on the stock

is µ − r and the ratio λ = (µ − r)/σ is known as the market price of risk.

The call option changes value over time as the stock price and the time to

maturity changes and therefore we can write the call price c(s(t), t).

The objective is to show that c(S(t), t) is well defined (there is a unique

price) and describe how the call price depends on S(t) and t.

Since c(S(t), t) is just a function we can apply Ito’s lemma to derive

d c =

(
∂c

∂t
+ µS

∂c

∂S
+

1

2
σ2S2 ∂

2c

∂S2

)
dt+ σS

∂c

∂S
dz.

We now consider a portfolio of one option and ∆ units of the underlying

itself. The process for this portfolio is

d(c+ ∆S) =

(
∂c

∂t
+ µS

∂c

∂S
+

1

2
σ2S2∂

2c

∂S
+ ∆µS

)
dt+

(
∂c

∂S
+ ∆

)
σS dz.

Now setting ∆ = −∂c/∂S eliminates the random dz term to give

d(c+ ∆S) =

(
∂c

∂t
+

1

2
σ2S2∂

2c

∂S

)
dt.

This is our∆-hedged portfolio which has eliminated all risk. Since this port-

folio is riskless it must satisfy exactly the same equation as the money-market

account, i.e.

d(c+ ∆S) = r(c+ ∆S)dt

and hence we have by equating these two terms that(
∂c

∂t
+

1

2
σ2S2∂

2c

∂S

)
= r

(
c− ∂c

∂S
S

)
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where we’ve replace ∆ by −∂c/∂S. Rewriting we have

c =
1

r

{(
∂c

∂t
+ rS

∂c

∂S
+

1

2
σ2S2∂

2c

∂S

)}
.

This is a second-order partial differential equation (PDE). It is known as

the Black-Scholes-Merton Partial Differential Equation. Indeed since we did

not yet specify anything about the nature of the option, this equation will

apply to any derivative security. What determines how the equation applies

to a particular derivative is given by the boundary condition. For the call

option we have the boundary condition that at maturity

c(S(T ), T ) = max{S(T )−K, 0}.

Solving this second order differential equation together with the boundary

condition gives the Black-Scholes formula we have seen before

c(0) = S(0)N(d1)− e−rTKN(d2)

where d1 and d2 satisfy

d1 =
ln(S(0)

K
) + (r + 1

2
σ2)T

σ
√
T

d2 = d1 − σ
√
T =

ln(S(0)
K

) + (r − 1
2
σ2)T

σ
√
T

.

A Replication Argument

We consider a portfolio that invests α in the underlying asset and β in the

risk free asset.

The value of this portfolio at the initial date is

P (0) = αS(0) + βB(0).

We shall require that this strategy is both replicating and self-financing. A

portfolio is self-financing if it involves no injection or extraction of cash at
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any time and thus the change in the value of the portfolio depends on how

the stock price and value of the risk-free asset changes. Thus the portfolio is

self-financing if and only if

dP = α dS + β dB.

To satisfy this equation α and β will in general be changing over time and as

S(t) varies. However it is also clear that once α(S(t), t) is specified, β(S(t), t)

is determined as well by the fact that the portfolio is self-financing and thus

has to satisfy the above equation. We shall follow what we did in the previous

section and suppose that α = ∂C/∂S. Here we are taking a long position in

the stock as we are trying to replicate the portfolio (whereas in the previous

section we were taking a short position to hedge out the risk of the option

itself). We want to show that the value of the portfolio equals the value of

the call at every instant. That is we want to show that P (S(t), t) = c(S(t), t).

Therefore we consider the difference

d(P (S(t), t)− c(S(t), t)) = dP − d c
= α(S, t) dS + β(S, t) dB

−
(
∂c

∂t
+ µS

∂c

∂S
+

1

2
σ2S2 ∂

2c

∂S2

)
dt− σS ∂c

∂S
dz.

Then substituting for dS, dB and α(S, t) gives

d(P (S(t), t)− c(S(t), t)) =

(
β(S, t)rB − ∂c

∂t
− 1

2
σ2S2 ∂

2c

∂S2

)
dt.

Again the risk has been eliminated from this equation. Then using the Black-

Scholes equation gives

d(P (S(t), t)− c(S(t), t)) =

(
β(S, t)rB − r

(
c− S ∂c

∂S

))
dt

and since β(S, t)B = P (S, t)− α(S, t)S this gives

d(P (S(t), t)− c(S(t), t)) = r (P (S, t)− α(S, t)S) dt− r
(
c− S ∂c

∂S

)
dt

= r (P (S, t)− c(S, t)) dt.
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Let D(S, t) = P (S, t)− c(S, t). By construction we want the portfolio to be

replicating so P (S(0), 0) = c(S(0), 0) and hence D(S, 0) = 0. But we have

from the above equation that dD = rD(S, t)dt and so D(S, t) = D(S, 0)ert =

0. Thus the portfolio because it is self-financing and all risk has been hedged

away replicates the call value at every instant. Moreover, unlike the previous

argument which assumed a call value function c(S, t) and differentiated, the

present approach proves the existence of this value and shows that it is well

defined.

Martingale Pricing

We now consider the ratio %(t) = S(t)/B(t). In the binomial case we have

seen that this is a martingale so that the ratio %(t) satisfies the property

E∗[x(t+ 1)] = x(t) where the the expectation is taken using the risk-neutral

probabilities. Equivalently we have E∗[x(t + 1) − x(t)] = 0 or in the limit

E∗[dx(t)] = 0.

Using the equations above for S(t) and B(t) we have upon differentiation

that

d %(t) =
d S(t)

B(t)
+ S(t) d(B(t)−1).

We have d(B(t)−1) = −rB(t)−1dt1 so that

d %(t) =
1

B(t)
(µS(t) dt+ σS(t)dz)− 1

B(t)
rS dt

= (µ− r)%(t) dt+ σ%(t) dz.

This does not satisfy the martingale property because the drift rate is not

equal to r. We remember however, that in the Binomial model we never had

to specify the true probabilities but could derive risk-neutral probabilities.

1B(t) = B(0)erT so differentiating gives B′(t) = rB(0)erT = rB(t). Thus the deriva-
tive of 1/B(t) is −B′(t)/B(t)2 and hence this is equal to −r/B(t).



FIN-40008 FINANCIAL INSTRUMENTS 13

We can do do something similar here by changing the probabilities or measure

of the distribution. It turns out that if we specify a process z̃ = z− ηt where

z is a Wiener process then so to is z̃.2 Thus

d %(t) = (µ− r)%(t) dt+ σ%(t) dz̃ + σ%(t)ηdt.

If we choose η to be equal to the market price of risk, λ = (µ − r)/σ, then

the drift terms cancel out and %(t) is a martingale, that is d %(t) = σ%(t) dz̃.

Hence since dB(t) = rB(t) dt we get

d %(t) =
d S(t)

B(t)
− rS(t)

B(t)
dt = σ

S(t)

B(t)
dz̃

or after cancelling out the B(t) term and rewriting

d S(t) = rS(t) dt+ σS(t) dz̃

so that S(t) is a geometric Brownian motion process using the new variable

z̃. Here the drift with the new variable is just the risk-free rate. It is as if we

are in a risk-neutral world and all assets are growing at the same expected

rate equal to the risk-free rate.

We can then proceed as before to show that

lnS(T )− lnS(0)− (r − 1
2
σ2)T

σ
√
T

is a standard normal variable with mean zero and unit variance. The value

of a call option can be calculated as the discounted value of the expected

intrinsic value using the risk neutral expectation. That is

c(0) = e−rT E∗[max{S(T )−K, 0}].

Thus we need to calculate the expected value of S(T )−K conditional on the

option ending in the money, S(T ) > K. The value of the option consists of

2This result is an application of Girsanov’s theorem.
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two parts: the future value of the underlying asset conditional on S(T ) > K

and the strike price paid times the probability the option is exercised. The

probability the option is exercised is the probability S(T ) > K. This will be

given by 1−N(x) where

x =
lnK − lnS(0)− (r − 1

2
σ2)T

σ
√
T

.

Since 1−N(x) = N(−x) the probability of exercise is N(d2) where

−x = d2 =
ln(S(0)/K) + (r − 1

2
σ2)T

σ
√
T

.

It can also be shown by integration that the expected future value of the

underlying asset conditional on S(T ) > K is S(0)erTN(d1) where d1 = d2 +

σ
√
T . Hence

c(0) = e−rT
(
S(0)erTN(d1)−KN(d2)

)
which is the Black-Scholes formula.

Summary

We have considered three ways in which the Black-Scholes formula may be

derived. The first is to develop a second-order partial differential equation

by creating a riskless portfolio by dynamically ∆-hedging. The second is to

synthesize the option by using the underlying and the risk-free asset. This

second method is more satisfactory as it does not assume the existence of a

well defined option price but derives it from the assumption that all arbitrage

opportunities are eliminated in the market. The third method considers

replaced actual probabilities by fictitious risk-neutral probabilities so that

all assets satisfy a martingale property. This then allows one to replace the

actual return on the underlying asset with the risk-free rate. This allows a

straightforward derivation of the formula.


