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This paper considers a long-term relationship between two agents who both undertake a costly action
or investment that together produces a joint benefit. Agents have an opportunity to expropriate some of
the joint benefit for their own use. Two cases are considered: (i) where agents are risk neutral and are
subject to limited liability constraints and (ii) where agents are risk averse, have quasi-linear preferences
in consumption and actions but where limited liability constraints do not bind. The question asked is
how to structure the investments and division of the surplus over time so as to avoid expropriation. In the
risk-neutral case, there may be an initial phase in which one agent overinvests and the other underinvests.
However, both actions and surplus converge monotonically to a stationary state in which there is no
overinvestment and surplus is at its maximum subject to the constraints. In the risk-averse case, because
limited liability constraints do not bind, there is no overinvestment. For this case, we establish that
dynamics may or may not be monotonic depending on whether or not it is possible to sustain a first-best
allocation. If the first-best allocation is not sustainable, then there is a trade-off between risk sharing and
surplus maximization; in general, surplus will not be at its constrained maximum even in the long run.
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1. INTRODUCTION

This paper considers a situation where two agents repeatedly engage in joint production. In each
period, both agents simultaneously undertake an action or investment that produces a joint output.
Agents must decide how much to invest each period (there is full depreciation) and how to divide
up joint production. We assume there is a hold-up problem, that is, contracts on action or division
decisions are not enforceable and each agent has an outside option that is increasing in the investment
of the other agent.Production and the extent of the hold-up problem may depend on an exogenous
state and agents may be risk averse. The only link between periods is a Markov process determining

states. There is complete information: apart from the fact that the agents choose their actions
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simultaneously each period, everything is observable. The only friction is that contracts cannot
be enforced. We consider allocations or contracts from which no agent has an incentive to renege
by imposing self-enforcing constraints at each date and state. We refer to feasible contracts that
satisfy these constraints as dynamic relational contracts. We characterize the Pareto-efficient dynamic

relational contracts; we refer to such contracts as optimal contracts.

A number of results for special or limiting cases of this model are known. First, one-sided-action
versions of this model or variations on it, have been studied by a number of authors (see, e.g.,
Albuquerque and Hopenhayn 2004, Kovrijnykh 2013, Sigouin 2003, Thomas and Worrall 1994).
Typically, this literature has considered the case where both agents are risk neutral, there is limited
liability and the agent taking the action can commit. To prevent the uncommitted agent from taking
his/her outside option, actions may be kept low initially. A key insight of this literature is that
incentives are improved when payments to the uncommitted agent are backloaded into the future.
This provides a growing carrot for adhering to the contract. Consequently, the action or investment of
the other agent can be increased in the future. This generates dynamics in the agent’s actions as well
as in monetary payments. In the long run, actions and transfers converge to a stationary distribution
that maximizes the surplus, output less action costs, given the self-enforcing constraints. The speed
of backloading is restricted by the limited liability constraints. Ray (2002) has established the most
general backloading result of this type. He considers a general, but non-stochastic, principal-agent
model in which both parties may take actions. The principal can commit within each period, so the
self-enforcing constraint only applies to the agent. He shows that an efficient contract has terms that
move in favour of the agent, converging in finite time to the efficient self-enforcing continuation that

maximizes the agent’s payoff.

Second, consider the case where agents have no action to take, or where there is no hold-up
problem. In this case, the model involves sharing a stochastic endowment. The case in which agents
have their own stochastic endowment and can share risk subject to limited commitment constraints
has been widely studied (see, e.g., Kocherlakota 1996, Ligon et al. 2002, Thomas and Worrall 1988).
A result of this pure risk-sharing case is that a constrained Pareto-efficient allocation evolves toward a
stationary distribution, and that, for some parameter values, the distribution of future expected utilities

is non-degenerate. Although the distribution is non-degenerate, the solution exhibits an “amnesia”
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property that once an agent is constrained, the contract from then on is independent of the past history

of shocks.

Third, there are a very few papers in this limited commitment literature that examine the situation
where two or more agents take actions. The most relevant paper to ours is Acemoglu et al. (2011)
that considers a model of changes in political power. In Acemoglu et al. (2011) a Markov process
determines which risk-averse political party is in power. Political parties take actions that contribute
to a common pool of resources whether in power or not, but only the party in power gets to determine
the allocation of resources across agents. Therefore, states are identified by the agent in power. It
is shown that in a constrained Pareto-efficient allocation, the action of one of the agents (the one in
power) is always chosen efficiently and actions of other agents (those not in power) are distorted
downward. Furthermore, they establish a convergence result that depends on whether a first-best
allocation is sustainable or not: if a first-best allocation is sustainable, then the actions and the
division of resources converges to a degenerate (first-best) distribution; otherwise, allocations do
not converge to a degenerate distribution. The two-agent model with quasi-linear utility considered
in their paper corresponds to a limiting case of our model where in each state one agent has all the
property rights. Their convergence result, when a first-best allocation is sustainable, corresponds to
our Theorem 3(a). In Theorem 3(b) we impose stronger conditions on the primitives of the model and
assume that the stochastic process is i.1.d., but establish convergence to a unique limiting distribution

that is independent of initial conditions.

Fourth, our model is related to the broader literature on relational contracting (see, e.g., Doornik
2006, Levin 2003, Rayo 2007) that builds on the work of Macleod and Malcomson (1989). This liter-
ature has studied models with more general ingredients (including many-sided actions, enforceable
payments, moral hazard, hidden information, and endogenous property rights), but has restricted
attention to stationary equilibria, thus, eliminating any interesting dynamics in investments and
transfers. The restriction to stationary equilibria is either derived, because stationary contracts are
optimal (when agents are risk neutral and in the absence of limited liability), or imposed, because
the focus is on organizational structures under which full efficiency can be achieved. One exception
to the focus on stationary contracts is Fong and Li (2012) who introduce limited liability and moral
hazard into a risk-neutral model firms and workers based on Levin (2003). They show that if the

principal extracts most of the surplus, the backloading of the agent’s utility can lead to a probationary
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contract in which the agent’s wage is initially at the lower bound, and incentives are provided by the
threat of termination; at some point this threat is removed and the wage increases to a higher level.

This can create more volatile wages within firms and greater dispersion in wages across firms.

We impose two simplifying assumptions on our model. First, we assume that agents’ preferences
are quasi-linear in consumption and actions. This simplifies the problem because with quasi-linear
preferences efficient actions (and hence, surplus) are determined independently of the distribution
of resources and the marginal rate of substitution between consumption and the action is equal
to unity. Second, we impose sufficient conditions that the constrained Pareto-frontier is concave.
This simplifies our problem because it allows us to focus on non-random contracts.! We examine
two main cases: where agents are risk neutral but consumption is constrained to be non-negative
(limited liability) and where agents are risk averse. In the case of risk-averse agents we assume that

preferences are such that non-negativity constraints on consumption can be ignored.

If agents are risk neutral, optimal contracts involve two phases. In the first phase there is backload-
ing with zero consumption for the constrained agent. This backloading property extends to utilities
and not just consumption and we establish that the constrained agent overinvests up to the last period
of the backloading phase and the terms of the contract move monotonically in his/her favour. This
overinvesment arises because it allows further transfer of utility to the other agent who consumes
the extra output. It occurs despite the hold-up problem, that in a static model, would lead to underin-
vestment (nevertheless, we demonstrate that it is never the case that both agents overinvest—even
at different dates—in any optimal contract). The second phase is stationary and independent of the
initial conditions. Consumption and investment depend on the state but not on the time period. Each
agent has positive consumption and, for a given state, either both invest efficiently or both underinvest.
In either case, current surplus is maximized subject to the self-enforcing constraints. Convergence to
the stationary phase is monotone in the sense that whenever the same state recurs in the backloading

phase, surplus is higher at the later date.

Results are somewhat different when agents are risk averse and depend on whether or not it is

possible to sustain a first-best allocation for some division of the surplus, as in Acemoglu et al.

Tt would be straightforward to allow for random contracts by introducing a public randomization device, but at the
cost of considerable complexity of notation and statements of our results. Furthermore, the assumptions we make are
consistent with those that are commonly made in the literature.
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(2011). If it is possible to sustain a first-best allocation, then the optimal contract is similar to the
risk-neutral case: convergence is again monotone. Actions tend to first-best actions in the long-run.
If the first-best allocation cannot be sustained, then there might be an initial monotone phase, but
in the long-run, when there are two or more states, monotonicity does not obtain: when the same
state recurs, surplus will sometimes be higher at the later date and sometimes lower. There is also a
trade-off between achieving efficient risk-sharing and maximizing current surplus even in the long
run. In particular, and in contrast to the risk-neutral case, current surplus is not maximized. Better
risk-sharing is achieved by holding the action of one agent inefficiently low because this reduces the
outside option of the other agent, that is, it relaxes the latter’s self-enforcing constraint. We show that
the optimal contract depends on the past history of states and does not in general exhibit the amnesia
property of the pure risk-sharing model.? Furthermore, we consider the limit as the hold-up problem
vanishes and show how the optimal contract converges to the pure-risking contract of Kocherlakota
(1996).

The paper proceeds as follows. Section 2 describes the model. Section 3 provides some general
results that apply to both the risk-neutral and risk-averse cases. Section 4 analyses the risk-neutral
case and Section 5 the risk-averse case. Section 6 concludes. Statements of Lemmas and the proofs of
the main results are found in the Appendix. Proofs of the Lemmas are relegated to the Supplementary

Material.

2. MODEL

We consider a dynamic model of joint production where agents repeatedly undertake an action or
investment that generates a joint output. There is no asset accumulation and full depreciation of the
investment in each period. Once produced agents have the opportunity to unilaterally expropriate
some of the joint output for their own benefit. In this section, we shall describe the economic
environment and the set of dynamic relational contracts. We define a game played by the two

agents and identify dynamic relational contracts with the subgame perfect equilibria of that game.

2 Abrahdm and Lacs6 (2013) establish a similar result in a model of risk-sharing model and storage. The absence of the
amnesia property is more consistent with the empirical evidence (see Broer 2013).
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Our interest is in optimal contracts, that correspond to the set of Pareto-efficient subgame perfect

equilibria.’
2.1. Economic environment

Time is discrete and indexed by t =0, 1,2, ...,00. At the start of each period, a state of nature s is
realized from a finite state space .’ with n > 1 states. The state evolves according to an irreducible,
time homogeneous Markov chain with transition matrix [7;.], where Y, & @, = 1, all s € .. The
chain starts from an initial state so at date t = 0. We denote the state at date ¢ by s; and the history of

states by s" = {so,s1,.-.,5}.

There are two agents, i = 1,2. At every date ¢, and after the state at that date is observed, both
agents simultaneously choose an action/investment a; € R.. Actions produce an output y*(a) > 0
that depends on the state s and the action pair a := (ay,a») (details are given below in Assumption 2).
Having observed actions and output, the agents agree to split output and each consumes non-negative
consumption ¢;, ¢ 1= (c¢1,¢3) € Ri. We impose that consumption is non-negative as a simple way to
reflect a limited liability constraint on the transfers one agent can make to the other. Consumption ¢
is feasible if c| 4+ cy < y*(a). Agent i derives per-period utility u; from net consumption x; := ¢; — a;,

x:= (x1,x2) € R?. We make the following assumptions on ; and y*:

ASSUMPTION 1: Per-period utility u;: [x;,00) — {—c0} UR is a twice continuously differentiable,

strictly increasing and concave function of net consumption, where x; < 0.

ASSUMPTION 2: For each s € ., the production function y*: R%L — R, is twice continuously
differentiable, strictly increasing in both arguments and strictly concave. Furthermore, for each s € .7,
9%y*(a)/da1daz > 0 (complementarity); y*(0) = 0 and the upper contour sets {a € R% |y*(a) —a; —
ay > v}, vy € R, are compact.

Assumption 2 imposes fairly standard conditions on the production function. The last part of
Assumption 2 is a simple way to restrict actions to a compact set .27 (s). Denote surplus in state s by
Z*(a) :=y*(a) — a; — ay. Define the first-best action pair a*(s) as the actions that maximize surplus

in state s. Given Assumption 2, the first-best action pair exists and is unique. We refer to the surplus

3 More precisely, we focus on efficient pure subgame-perfect equilibria relative to specified “Nash reversion” punishments,
although our characterization also applies mutatis mutandis to optimal punishments, should they be different, and hence,
to efficient equilibria among the set of all pure strategy equilibria.
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7 (a*(s)) as the first-best surplus. Since actions are chosen simultaneously and independently, we

also define the conditionally efficient actions a;(a;,s), i,j=1,2,i # j, such that

a;(aj,s) :=argmax [y*(a1,a2) — a;.
ai€eRy
The conditionally efficient actions are single-valued, continuous functions of the other agent’s action
(Lemma 1). The weak complementarity assumption is slightly restrictive but reflects our view that
relational contracting framework is most natural when there are complementarities in production.
Given the weak complementarity assumption, conditionally efficient action functions are weakly

upward sloping . In addition, a; (s) = a; (a}(s),s) for i, j = 1,2, i # j.

We now specify what an agent can get if there is no agreement on how to divide up output. If no
agreement is reached, agent i gets a breakdown consumption of ¢ (a), and hence, a breakdown utility
of u;(¢7(a) —a;). An agent can always take the option of receiving her breakdown utility. More
formally, we suppose the agents play a Nash demand game to divide output.* In this Nash demand
game, both agents simultaneously announce consumption claims (cy,¢2), ¢; > 0. If ¢ + ¢, = y*(a),
then this determines the division of output: consumption ¢; = ¢;. Otherwise, agents receive their

breakdown consumption: ¢; = ¢*(a).

The specific assumptions on ¢;(a) are given below, but a simple example with proportional defaults
captures what we have in mind. Suppose that each agent can, by defaulting, capture a fraction 6; of
the available output y*(a). Here, ¢7(a) = 6;y°(a). We assume that agents cannot obtain more that
the available output, so 0; 4+ 6, < 1. We do not require that the sum exhausts available output. For
example, disagreement may incur a cost, such as lawyers’ fees or bargaining costs, so that some of
output is lost when there is default. In such cases, 6; + 6, < 1. We assume 6; > 0, so that what an
agent gets in the breakdown is increasing in the action of the other agent. This assumption captures

the hold-up feature of joint production we wish to model.

As another example, consider the special case with additive production: y*(a) = f{(a1) + f>(a2)
and suppose ¢;(a) = 67 fi(a1) + 6,5 /5 (a2), 6;; > 0 and Y2, 6;; <1, j = 1,2 (this is very similar to

the formulation used by Halonen (2002)). Our hold-up assumption requires 9;} >0,i,j=1,2,i#].

4 What we want to capture is that there is an ex ante agreement on what actions should be taken, and how the resulting
output should be split, and that failure to abide by it leads to the breakdown utilities. The Nash demand game is a simple
way of implementing this idea — but we stress that our results are not sensitive to the way it is operationalized.
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With this parameterization, assuming Z%ZI ij =1 and taking the limit as ij —0,fori,j=1,2,i#j
and for all s € ., produces the pure risk sharing model that has been studied by Kocherlakota (1996),

Ligon et al. (2002) and others. This is discussed in Section 5.

Analogous to Assumption 2, we shall assume that ¢*(a) satisfies:

ASSUMPTION 3: For each s € %/ and i = 1,2, the function ¢/ :Ri — R is continuous, twice
continuously differentiable, strictly increasing in both arguments and strictly concave. Moreover,
9% (a)/da1da; > 0 (complementarity) and d¢7(0,a;)/da; > 1 foralla; € Ry, i,j=1,2,i# j. In
addition, ¢7(0,0) =0 fori = 1,2 and

99i(a) , I93(a) _ 9y’

(1) da; da; — Jda;

Vs and i=1,2.

In the case of proportional defaults, these conditions (apart from d¢;7(0,a;)/da; > 1) follow directly
from Assumption 2. Complementarity in Assumption 3 implies that the reaction functions in the
breakdown game are weakly upward sloping, and this simplifies the arguments below. Condition (1)
requires that the increase in the total breakdown consumption cannot exceed the marginal product.
Together with ¢(0,0) = 0, it implies that the ¢ (a) are feasible, that is, ¢;(a) + ¢5(a) < y*(a) for
each a and s. Condition (1) together with d¢;7(0,a;)/da; > 1, i = 1,2 implies that the first-best
action pair is strictly positive. The assumption that ¢; is strictly increasing in both its arguments, in

particular that d¢(a)/da; > 0 for i # j, captures the hold-up property of the model.

Denote the Nash best-response functions (functions because ¢ (ay,as) is strictly concave in ;) in
the breakdown game by

ai-v(aj,s) = argmax [} (a;,a;) —ajl.
ai€eRy

The Nash best response function a? (a j»$) is continuous and weakly increasing in a;. Moreover,
we have 0 < aﬁ.v (aj,s) < a}(a;) for each a; and every state s € . (Lemma 2). It is strictly positive
because d¢;(0,a;)/da; > 1 and is less than the conditionally efficient action because of the hold-up

assumption that d¢/(a)/da; > 0. The best-response breakdown utility is

uy (aj,s) = ui(9] (a (aj,5),a;) — a; (aj,s)).
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A Nash equilibrium of the breakdown game occurs where the best-response functions intersect
(existence follows by standard arguments). Without further assumptions, the Nash equilibrium
need not be unique (though it is unique if the defaults are proportional). However, the potential
non-uniqueness is not critical because the Nash equilibria can be Pareto-ranked (because the best-
response functions are non-decreasing and all Nash equilibria lie below the first-best action pair
a*(s)). Henceforth, we let (aE (s),a)" (s)) denote the dominant Nash equilibrium and all our results

apply relative to this dominant Nash equilibrium.

2.2. Dynamic Relational Contracts

We refer to a non-negative action and consumption sequence {a(s"),c(s")};>0 as a contract.

Corresponding to a contract, agent i’s lifetime utility is

Vi(so) :=E [Zfzo 8ui(ci(s') — ai(s")) | so] ,

where 0 is a common discount factor, 0 < 6 < 1, and [E denotes expectation. A contract is feasible if

Y, ci(s') <y*(a(s")) for every history s'.

A dynamic relational contract (DRC) is a feasible contract from which neither agent has an
incentive to deviate. The incentive to deviate depends on the punishment for deviation. This is given
by the breakdown payoffs in the current period (subsequent to the deviation), and by play of the
(dominant) equilibrium of the static breakdown game in all future periods. In particular, suppose

that a is the current recommended action pair. If agent i is to deviate at ¢, then the best she can do is
N

to choose a (a;(s'),s;), which yields a current payoff u (a;(s"),s;).> She is punished from ¢+1 by
“Nash reversion” in which both agents choose their best responses in the breakdown game, that is,

both will thereafter play the (dominant) Nash equilibrium of the breakdown game described above.®

3 Deviation at the output division stage cannot be preferable since breakdown is triggered in either case, and a; may not
be optimal in the breakdown.

® A DRC is equivalent to a pure strategy subgame perfect equilibrium relative to future reversion to this Nash equilibrium.
Here, strategies are infinite sequences of history-dependent actions and consumption claims. Punishment consisting of
immediate triggering of the breakdown, and repeated play of the (dominant) Nash equilibrium of the breakdown game
thereafter, is subgame perfect (each agent just demands the whole output after any deviation (i.e., off the equilibrium
path), triggering the breakdown game each period).
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Let Dj(a;) denote the deviation utility: the best discounted payoff that agent i can get by deviating,

given agent j’s putative action a; in state s. It is defined recursively by

Di(aj) = u} (aj,s) +8Y., o, MDf(a}" (1)),

where D (a]ij (r)) is the deviation utility from the play of the Nash equilibrium in state r. Given
our hold-up assumption (see Assumption 3), it follows that the deviation utility is continuous,

differentiable, strictly increasing and strictly concave in the action of the other agent (Lemma 3).

We stress that replacing the Nash reversion punishments by any state dependent continuation
utilities that are no greater the Nash reversion punishments leaves all the characterization results we
derive intact. In particular, optimal punishments satisfy this property. Equally, if agents can take
state-dependent outside options at the start of any period, then, provided these outside options satisfy
the condition that they are no greater the Nash reversion punishments, all our results apply. For
example, if in periods after a default the breakdown consumptions/utilities were lower than they are

in an on-going relationship, then our results still hold.

Since an agent can always take the option of receiving her breakdown utility, the deviation utility
provides a lower bound (as a function of the other agent’s action) on the discounted utility an agent

gets in any DRC. Hence, {a(s"),c(s") };2, is a DRC if it is feasible and if for every s, and i, j = 1,2,
i 7 J,

2 Vils") = wilei(s') —ai(s") +E [Z::m 8" ui(ci(s™) —ai(s™)) | S’] > Dy (aj(s"))-

The continuation utility V;(s") is the discounted utility that agent i anticipates from the contract after
the history s”. The right hand side of (2) is the deviation utility agent i gets from deviating from
the recommended action after the history s'. We refer to the inequalities (2) as the self-enforcing
constraints. Whenever (2) holds with equality, we say that agent i is constrained. Otherwise, we say

that agent i is unconstrained.

DRCs exist. For example, the trivial contract that has a;(s') = alF (s,) and ¢;(s") = ¢ (aVE (s,))

for all s’ is both feasible and self-enforcing and therefore a DRC. We show below (see Lemma 8),

that there exist other non-trivial DRCs. Corresponding to any DRC, {a(s"),c(s")};,, and initial state
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50, is a pair of lifetime utilities (V;(so),V2(s0)). Given the set of DRCs, let 75, denote the set of the
corresponding lifetime utilities. Our objective is to characterize the Pareto-frontier of the set 7.
We refer to DRCs that correspond to this Pareto-frontier as optimal contracts (OCs) and refer to
the corresponding actions as optimal actions. We say that agent i underinvests (or that the action is
inefficiently low) at some date ¢ in an OC if the optimal actions are such that a;(s") < a;(a;,s) and
say the agent overinvests (or the action is inefficiently high) if a;(s") > a;(aj,s). Given the stochastic
history s’, we can treat an OC as a stochastic process for (a,c). We will be interested in the long-run
behaviour of this process and whether it converges, and if so, whether convergence is dependent on

So Or Vi (S()).
3. PRELIMINARY RESULTS

This section establishes some preliminary results on the Pareto-frontier of the set of DRCs and
optimal actions. Section 4 will consider the case where agents are risk neutral and Section 5 the case

where agents are risk averse.

3.1. Relationship to the Nash actions

Henceforth, we restrict attention to OCs. Existence of OCs follows straightforwardly from the fact
that the set 7, is compact (Lemma 4). Optimal actions are never below the Nash reaction functions,
ai(s') > a(a;(s'),s;) (Lemma 5). If the action of one of the agents, say i, were below the Nash
reaction function, a Pareto improvement could be found by increasing that agent’s action a small
amount. Although the deviation utility of the other agent increases (by hold-up), her consumption
can be increased to prevent a violation of her self-enforcing constraint, and there is sufficient extra
output remaining to more than compensate agent i for the increase in his/her action. This property
then implies that actions can never be below the Nash equilibrium actions, a(s") > a"F (s;). Since it
has been shown that afy (aj,s) > 0 (Lemma 2), the Nash equilibrium actions are strictly positive, and

therefore, it follows that optimal actions are always positive too.

Next, consider the case where an agent, say agent 1, gets allocated all of the output in an OC.
Lemma 6 shows that in this case agent 1 is unconstrained. Intuitively, in the current period agent 1
is receiving more of output than she would obtain in the breakdown game, if she held her action
constant (because, by Assumption 3, agent 2 can claim a positive share of output in the breakdown

game). Moreover, the continuation utility cannot be lower than the deviation continuation utility.
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However, the intuition is not conclusive because agent 1 need not hold her action constant and can
optimize her action when deviating. Nevertheless, the proof of Lemma 6 shows how to adapt the

argument to deal with this case (see the Supplementary Material).

3.2. Recursive formulation

We now use a recursive programming approach to examine OCs. Lemma 3 shows that there is
a one-to-one relationship between an agent’s action and the deviation utility of the other agent. It
is convenient for the recursive formulation to change variables and use the deviation utilities of the
two agents instead of actions. Although this change in variables might be considered unnatural,
it has the advantage that it allows a direct comparison between two of the choice variables in
the recursive formulation: the deviation utilities and the continuation utilities, and means that the
corresponding self-enforcing constraints are linear in these choice variables leading to a simplification
of some of the subsequent expressions. Thus, let d; := D(a;) and let g}(d;) := (D$)~'(d;). With
this change in variables, surplus is z°(d,d>) := 2°(¢5(d1), 8} (d2)), with output y*(d;,d) defined
similarly. It is also useful to work with net consumption x; as a choice variable instead of consumption
ci. Given the properties of D}(a;) (Lemma 3), the functions g7(d;) are continuously differentiable,
strictly increasing and strictly convex. Let Z(s) := {(dy,d2) = (D}(a1),D}(a2)) | (a1,a2) € R }.
The contract {d(s"),x(s") }72, is feasible if };x;(s") < z%(d(s")) (total consumption does not exceed
output) for every history s’. For actions and consumption to be non-negative, it must also satisfy
d(s") € 9 (s;) for every history 5" and x;(s') + g7 (di(s')) > 0 for i, j = 1,2, i # j and every history
s'. It is a DRC if it also satisfies the self-enforcing constraints Vj(s') > d;(s") for i, j = 1,2, i # j,
and every history s*. The Markov assumption on the evolution of states and the infinite time horizon,
together with the observation that all the self-enforcing constraints are forward looking, means that
the set of continuation utilities corresponding to a DRC depends only on the state r and is independent
of the past history. The projection of the Pareto-frontier of this set onto agent 1’s continuation utility
will be shown to be a non-degenerate closed interval (Lemma 7 proves the interval is closed and
Lemma 8 that it is non-degenerate) that we denote by [V{,V/] .7 Hence, the problem of finding OCs
is reduced to one of finding, for each s € . and for each V; € [V}, V], a pair (d,x) and V] for each

" Intuitively, the interval is non-empty because hold-up creates an inefficiency and provided § > 0, repeated game
arguments allow cooperation to improve on the breakdown Nash equilibrium.
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r € ., the continuation utilities of agent 1, such that

[P1] B =, ma (i)Y, w0

subject to
(3a) u1(X1)+5Zrey T, Vi >V A
(3b) Vi>ds: 1
(3c) wr(x2)+8Y, ., m Vs (V) > dy: 12
(3d) Vi >V O T Vi
(3e) vi <V ST VS
(3f) xi+g5(di) >0: i, j=12, i#] Yi
(32) x1+x2 < 2'(dy,da): v

where the non-negative Lagrangian multipliers are indicated after each inequality.® The expected
discounted utility V; of agent 1 (in state s) is the state variable in this programming problem. The
value function V3 (V) represents the Pareto-frontier of the set of DRCs in the space of continuation
utilities. It describes how the maximum continuation utility to agent 2 changes as the continuation
utility of agent 1 is changed. The inequality (3a) requires that the contract delivers at least the
current discounted utility and is referred to as the promise-keeping constraint. The inequalities (3b)
and (3c) are the self-enforcing constraints corresponding to the inequalities given in (2). The
constraints (3d) and (3e) reflect that the continuation utility for agent 1 in state » must lie in the
interval [V, V]]. Inequalities (3f) and (3g) are the feasibility constraints. We denote a solution to
[P1] by (d*(V1),x*(V1)) and continuation utilities (V;""(V)). It will be shown that d*(V; ) is unique;
however, x*(V;) and V;"" (V}) need not be. Corresponding to this solution, and abusing notation, we

define the surplus z*(Vy) := z°(d}(V1),d5(V1)). We discuss the properties of z°(V;) below, but we refer

8 The linear independence constraint qualification holds unless the constraints (3f) are inactive and
uh(97°/day)dgs(di)/dd, = 1. This constraint qualification can fail, but it only fails at V; = V; where the slope of
the Pareto-frontier is infinite (examples where the constraint qualification fails at this point can be constructed). Thus,
apart from V; = V', the linear independence constraint qualification holds and the Lagrangian multipliers in the first-order
conditions (reported below in sub-section 3.4) exist and are unique. We can also ignore points V; = V; without loss
of generality: if Vi (so) < V", then we will show that V; # V} for any state s; if V| (so) = ¥}, then it will be possible
to reformulate the problem maximizing the utility of agent 1 for a given V, for agent 2 and the relevant constraint
qualification will be satisfied.
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to the maximal value of z*(V;) for V; € [V}, V}] as the constrained maximal surplus and the actions
that maximize this surplus as the constrained surplus-maximizing (CSM) actions. Let a(s) denote
the CSM action in state 5. If the CSM actions are equal to the first-best actions @(s) = a*(s) (and
hence the constrained maximal surplus equals the first-best surplus), then we say that the first-best
is sustainable in state s. We denote the set of states in which the first-best actions are sustainable
as . C . and denote its complement by .¢ (it is possible that .7, = 0 or .7 = 0). A first-best
allocation (FBA) will involve the first best actions, a*(s) in each state and date and complete risk-
sharing (that is, net consumption x*(s) with xj(s) +x5(s) = z*(a*(s)) such that u} (x3(s) /u (x}) is

constant over all states and dates).

An OC is computed recursively. Start from some given initial value for agent 1’s lifetime utility,
Vi (so) in state so. The solution to the programming problem provides optimal values for d(so) and
x(s0) in state so by setting V; = V;(so) in [P1]. The solution also determines the continuation utilities
for V" (Vi (s0)) in each possible subsequent state r. At date # = 1 and history s' = (so, 1), the value
for V; is determined by the solution for the continuation utility at date + = O for the appropriate state
and the solution to the date = 1 programme determines d(s') and x(s'). The process is repeated
to determine {d(s"),x(s") };*,. Doing this for each feasible initial value of the lifetime utility V; (so)

determines the set of OCs.
3.3. Concavity, continuity and differentiability

The programming problem [P1] is not necessarily concave. This is for two related reasons: first we
have not shown that the Pareto-frontiers V (+) are concave; and second, even if the Pareto-frontiers
were concave, the constraint set need not be convex. The reason for this non-convexity of the
constraint set is that the deviation utility D(a;) is concave in the action of the other agent. Therefore,
in taking a convex combination of actions, the deviation utility from the average action is higher than
the average of the deviation utilities. Thus, the self-enforcing constraints (2) may not be satisfied at
the average actions. In the formulation of [P1] with d and x as the choice variables this is manifested
in two ways. First, z°(d) is a composite function and need not be concave in d, and therefore, at

an average of the ds, the constraint (3g) may be violated. Secondly, since gj.(d,-) is strictly convex,

% In principle, there may be DRCs in which there are actions that achieve a higher surplus. Our definition considers only
OCs. However, in both the risk-neutral and risk averse cases that we consider below, the two concepts coincide and the
CSM actions do maximize z°(d,d>) subject to the self-enforcing constraints (see Theorem 1 and Lemma 14). It will also
be shown below that in the cases we consider, the CSM actions are unique.
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taking an average of (d;,x;) and (d/,x}) might violate the non-negativity constraint (3f). To address

these issues we present two alternative assumptions.

ASSUMPTION 4: The function z°(d) +g%(d;) : Z(s) — R is concave in d for each i, j = 1,2,
J#i
ASSUMPTION 5: (a) 2°(d): Z(s) — R is strictly concave in d and (b) any solution to [P1] has

x; > 0 for i = 1,2 and for each s'.

Under either Assumption 4 or Assumption 5, the Pareto-frontier is concave on [V}, V] (Lemma 7).
Under Assumption 5, it easily checked that the constraint set is also convex.'® We will use As-
sumption 4 in considering the case where agents are risk neutral in Section 4 and Assumption 5 in

considering the case where agents are risk averse in Section 5.

Although Assumptions 4 and 5 are not directly in terms of the primitives of the model, it is possible
to check conditions on the primitives where the Assumptions are satisfied. Assumption 4 requires
that the production function is more concave than the corresponding deviation utility. This condition
is not completely straightforward because the curvature of the deviation utility depends both on the
utility and production functions. However, this condition is satisfied in many reasonable examples

and Assumption 4 is a generalized version of the condition given in Thomas and Worrall (1994).'!

It is easily checked that Assumption 4 implies part (a) of Assumption 5. Again, part (a) of
Assumption 5 requires that the curvature of the deviation utility is less than the curvature of surplus
as a function of actions.'? Part (b) of Assumption 5 is a direct assumption on the OC. However, the

assumption is easily justified by placing additional assumptions on the utility function. For example,

107t can also be checked that if [P1] is written with ¢ and d as choice variables, then a sufficient condition for convexity
of the constraint set is that y*(d) is concave in d. This condition is more stringent than concavity of z°(d) and will fail in
a number of natural cases.

"'To illustrate a case where Assumption 4 is satisfied, suppose that agents are risk neutral with u;(x) = x, production is
additive and the breakdown consumption in each state is ¢;(a) = 6;; f1(a1) + 6,2.f2(a2), where for notational simplicity
the dependence of 6, f etc. on s is suppressed. For Assumption 4 to be satisfied it is sufficient that f{'/f; < —g// /g’ By
definition, —g'; /¢’ = D/ /D’;. With this specification for ¢;(a), Dj/D’; = f'/ f{, and hence Assumption 4 is satisfied.
121t is also easily checked that there are parameterizations such that part (a) of Assumption 5 is satisfied. These will
typically require that agents are not too risk averse. For example, consider the case where preferences exhibit constant
absolute risk aversion with coefficient ¢, the same for both agents, and the production function is separable and given
by y*(ar,a2) = (B)"'((a1)P 4 (a2)P). Furthermore, suppose each agent can expropriate a proportion 8 of output in
the case of default. Then, it is easily checked that, for any B € (0,1): if 6 € (1/e,1/2], then z°(d) is concave for
a < —ef(1—0)"'log#; similarly if 8 € (0,1/e], then z*(d) is concave for & < (1 —6)~L.
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for utility functions (such as those with constant relative risk aversion with coefficient of risk aversion
greater than or equal to one) where lim,_,ou(x) = —oo, it is clear that a solution of [P1] has x; > 0.
More generally, if u;(0) is sufficiently low, then it is easy to show that x;(s*) > 0 in any OC. In
either case, because optimal actions are positive, part (b) of Assumption 5 implies that consumption
of both agents is positive at the solution of [P1]. Hence, part (b) of Assumption 5 means that the
non-negativity constraints on consumption, (3f), can be ignored and the associated multipliers are

zero at the solution of [P1].

Given concavity, it can be shown that the Pareto-frontier is continuously differentiable (Lemma 8).
In the existing literature on limited commitment without actions, differentiability is established by
observing that neither self-enforcing constraint is binding in the interior. This is not true here; indeed
we will show that both constraints may be binding. Moreover, in the one-sided action case the value
function can fail to be differentiable. It is perhaps surprising, then, that in this two-sided case we are
able to establish differentiability. The key observation is that since, as we have already shown, optimal
actions are positive, it is possible to vary both actions simultaneously, holding the future utilities
constant, so as to vary V| whilst satisfying the self-enforcing and feasibility constraints. Varying
both actions in this way allows a differentiable relationship between V, and V) to be established, to
which the Pareto-frontier must be an upper envelope. Differentiability then follows from applying the
well-known lemma of Benveniste and Scheinkman (1979). The same approach can be used to show
that the Pareto-frontier can be extended to the left (right) if the absolute slope at V; (V) is positive
(finite) to establish that V, ) (V1) =0and V, =) (V}) = —oo, where V, ) denotes the right and V, =)

the left derivative.
3.4. First-order conditions

It has been shown (Lemma 8) that the Pareto-frontier is continuously differentiable and that
the range of absolute slopes of the frontier is Ry U {eo}. Let o5(V1) := —V;'(V1) and o/ .(V) :=
—V3'(V{"" (V1)) be the (absolute) slopes of the Pareto-frontiers, where o: [V, V{] — Ry U {eo} is

strictly increasing. Lemma 9 establishes that d}(V;) is a continuous function. The first-order
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conditions for [P1] are given by:

( b VTV,
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The first point to notice is that the multipliers v; = 0. To see this suppose that v{ > 0. In this
case V"' (V1) = V[, 6,5.(V1) = 0 and by a complementary slackness condition v; = 0. Then using
equation (4a), —ox(V1) — 1 = v{ > 0 which gives a contradiction since o,(V;) and u; are non-
negative. A similar argument can be made to show that vj = 0. Since v; = 0, it follows that G+ (V1)
is the same for each future state r € . and we write o, (Vi) for this common future value. This

property greatly simplifies the dynamics of the contracting problem.

It follows directly from the first-order conditions (4c) that in an OC (i) there is only ever under-
investment, a;(s") < a’(a;(s"),s), if at least one of the agents is constrained; and (ii) if agent i has
positive consumption, then he/she does not overinvest, a;(s') < a;(a;(s'),s) (see Lemma 10). To see
the intuition for the first part, suppose that agent 1 is unconstrained. If agent 2 were underinvesting,
he could increase investment and generate more surplus. The surplus would be enough to compensate
him for the extra investment and agent 1 won’t default because she is unconstrained. Thus, it would
be possible to find a better contract, yielding a contradiction. Similarly, to see the second part,
suppose that agent 1 is overinvesting. Then she could reduce her investment. This relaxes agent 2’s
self-enforcing constraint (keeping consumptions now and future promises the same). However, output
has fallen, so aggregate consumption must fall. If agent 1 has positive consumption, it is possible to
keep the consumption of agent 2 the same, while the utility of agent 1 increases because she has cut

her investment from above the conditionally efficient level.

There is also a simple corollary to these results: a) both agents cannot be overinvesting (because
one agent must have positive consumption); b) an agent cannot be permanently overinvesting because
consumption must be positive at some future date because otherwise the self-enforcing constraint

would not be satisfied.
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4. RISK NEUTRALITY

For this section, we use Assumption 4 and suppose that both agents are risk neutral, in particular,
that u;(x) = x and that x; = —eo for i = 1,2. In this case, the non-negativity constraint on consumption
(limited liability) plays a key role. We show that an OC exhibits a two-stage property. It starts
with a backloading phase in which one of the agents consumes all of the output. This agent never
overinvests, while the other agent overinvests. The second phase is stationary and actions are CSM.
Therefore, if s € .7, actions are at the first-best for both agents. If s € ., both agents underinvest
and have positive consumption. Depending on the initial division of surplus however, the OC might

start off in the stationary phase in which case the first backloading phase does not exist.

With risk neutrality, the lower bound for the deviation utility (Lemma 3) is strictly positive.
Therefore, the Pareto-frontier is defined on A® := [V, V¥] C R, ;. Lemma 7 has shown that the
Pareto-frontier is concave. With risk-neutrality, it can be shown (Lemma 11) that the frontier is
strictly concave if at least one of the self-enforcing constraints is binding, but if V is in an interval
where the efficient actions are sustainable (such values may not exist), then the frontier is linear with

slope of —1 in this interval. Lemma 1 together with Lemma 7 imply that the CSM actions are unique.

It is useful to consider three (not necessarily disjoint) subsets of A*: A* = {V; € A%:¢{ = 0},
B* ={Vi € A%:¢{ >0and c§ >0} and C* = {V} € A’:c§ = 0} where (c{,c) represents an optimal
value for consumption at Vj. Note that A*UB*UC® = A®. Also note that A* can be non-empty and
C*® empty or vice-versa (examples of this type can be constructed). We know from our previous
discussion that if agent 1 overinvests, this can only occur for V| € A®, and if agent 2 overinvests, this
occurs for Vi € C*. Also, since optimal actions are positive, output and aggregate consumption is
positive, and consequently, it is not possible that both ¥; > 0 for the same V). Equally, for V| € A?,
¢y > 0, and hence, the multiplier 5 = 0.13 We also know from Lemma 6 that if c1; = 0, and therefore,
that agent 2 gets all the consumption, then agent 2 is unconstrained, and hence, i, = 0. Likewise, for

Vi € C°, 1 = u; = 0. Consumption for both agents is positive for V| € B, so that y; = 9 = 0.

Recall that the action a; and deviation utility d; are monotonically related through the function g°.
Thus, it is possible to work with either, and to simplify some of the equations, we sometimes work

with both. Consider the subset A®. Using y» = » = 0, we have from the first-order conditions (4b)

13 Since the multiplier is unique, the conclusion that p» = 0 is valid even if V; also belongs to B® or to C°. The same
argument can be made for the other subsets and multipliers.
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and (4¢) that:
dy*(ar,az)
+ v — ’
(50) of (Vi) = 1—p == =
dy*(ay, d2z°(dy,d

Hence, for V; € A%, 1 > 6,7 (V) > 04(V}). From equation (5a) it follows that if 6, (V;) < 1, then
71 > 0, and hence, the consumption of agent 1 is zero. Equally, dy*(aj,az)/da; < 1, so that agent 1
is overinvesting. From equation (5b) it follows that agent 2 doesn’t overinvest and may underinvest.
A similar set of conditions apply for V; € C* and imply 1 < 0,7 (V;) < 65(V}) so that agent 1 doesn’t
overinvest and if o, (V}) > 1, then agent 2 has zero consumption and overinvests. For V| € BY, the
first-order conditions show that G;’ (V1) = 1, so there is no overinvestment. As a measure of the extent
of overinvestment let  := max{0, —In(dy*(ai,az)/day)} and {* := max{{],{;}. Hence, £* > 0 if
there is overinvestment and is a measure of the distortion of the marginal product below the efficient

level. 14

To consider how variables change over time in an OC, it is useful to write § () for overinvestment
at date ¢ (when there is more than one state, then {(¢) is the value of a random variable at date ?).
It can be easily checked from the first-order conditions that {(z) converges monotonically (weakly
decreasing) to {(¢) = 0 with probability one (see Lemma 12). This convergence result derives
from two properties. First, because the action of an agent is positive, the agent will need positive
consumption at some time in the future to compensate him/her for the cost of actions, otherwise,
he/she would default. Second, discounting and the boundedness of the output function mean that the
time of this positive consumption must be bounded. Once §(¢) = 0 has been reached, it follows from
the first-order conditions that o(t+1) = 1 in every state and there is one of two possibilities: either

both of the self-enforcing constraints bind or neither of them do.

Using this convergence result, we derive our two-phase characterization theorem. Here, for
. . . . ot
convenience, we also treat contracts as sequences of random variables, writing a;(¢) rather than a;(s")

etc.

4n subset A%, {* = —Ino;" (V}) and in subset C*, {* =Ino," (V}).
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THEOREM 1: In an OC, there is a random time f, 0 < f < oo with probability one, such that:
Stationary phase (t > t): Optimal actions maximize the surplus 7*(ay,a;) subject to the self-enforcing
constraints, and hence, are CSM. The optimal actions depend only on the state s; and are therefore
independent of the initial conditions. There is no overinvestment: a;(t) < a:(a;(t),s;) fori,j=1,2,
i # j. Fors; € .7, therefore, optimal actions and the corresponding surplus are first best: a(t) =
a*(s¢) and 2% (a(t)) = 2" (a*(s;)). For sy € L, the self-enforcing constraints bind for both agents,
c¢i > 0 for i = 1,2, and there is underinvestment: a;(t) < a;(a;(t),s;) < a;(s;) fori,j=1,2,i# j.
Backloading phase (t < f): Overinvestment declines during the backloading phase: in particular,
§(¢t) is weakly decreasing with {(f — 1) = 0. Backloading only applies to one agent, i, whose identity
depends on the initial surplus split: this agent overinvests and has zero consumption at each t < f—1.
In the final period of backloading, at date t — 1, there is no overinvestment: a;(f—1) < a;(s;_;), but
aj(f—1) < aj(spy) for j # i. Moreover, if at any two dates t and t' > t the same state s occurs,
then underinvestment diminishes and surplus increases: dy*(a(t))/da; > dy*(a(t'))/da; > 1 for
f—1>t>tand*(a(t")) > Z*(a(t)) fori >t > 1.

For a given value of agent 1’s lifetime utility V) (so), there corresponds a value 6p. From Theorem 1,
we can describe a typical path as follows. Suppose 0y < 1 (a symmetric argument applies if oy > 1).
Then one of two possible scenarios applies. Either Vi (sg) € B% or V|(sg) € A%. In the former case,
f =1 and the contract moves to the stationary phase in each state at the next period. There is no
overinvestment in this case. In the latter case, either {;(0) = 0 and 7 = 1 as in the previous case,
or £1(0) > 0 in which case 7 > 1 and there is a backloading phase in which ¢{(¢) = 0 and agent 1
overinvests. Correspondingly, V; is sufficiently low that agent 1’s self-enforcing constraint binds
and agent 2 underinvests to avoid violating agent 1’s self-enforcing constraint; by contrast V5 is high
enough that agent 2’s self-enforcing constraint is slack.'> The basic intuition for the backloading
result is familiar from other dynamic contracting models. The claim is that if agent 2 is unconstrained
and underinvesting, then agent 1 has zero consumption at all previous dates, her payments are
optimally backloaded into the future. The idea is that if agent 1 has positive consumption, then

backloading her consumption allows her later constraints to be relaxed, which in turn means agent 2

15 This characterization applies so long as {;(¢) > 0 and assuming agent 1’s self-enforcing constraint binds with a positive
multiplier. With more than one state, we cannot rule out the possibility that in some states deviation utilities are so low that
the self-enforcing constraints may not bind even when o (¢) < 1. In this latter case, from (4¢) and (4a), a>(t) = a;(ai(t),s)
and o () = o(r).
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can increase her future investment level without violating agent 1’s constraint. Since agents are
risk neutral they do not care about the timing of consumption flows (keeping the action plans fixed)
if the expected discounted value is the same, but the backloading will permit future surplus to be
increased, leading to a Pareto-improvement. Consumption is backloaded to the maximum extent
possible, ¢ (z) = 0 throughout the phase, allowing maximum surplus to be achieved as quickly as
possible. Furthermore, by increasing a;(¢) above aj(ax(t),s), with the extra output being allocated
to agent 2, additional backloading can be achieved, and for a small amount of overinvestment, the
reduction in surplus is second-order. Two novel results in the two-sided environment concerning
the backloading phase are the over-investment by the agent whose utility is backloaded (although
over-investment does not persist into the stationary phase), and the fact that despite the possibility
that property rights might vary radically and persistently between states, only one of the agents will

ever be subject to backloading.

The incentive to overinvest diminishes over time (as can be seen from (5a), 67 (¢) approaches 1).
Equally, if the same state recurs along the path, underinvestment diminishes as the self-enforcing
constraint is relaxed. The combined effect is that surplus z°(a(t)) increases, and reaches a maximum
when o(7) = 1 (Lemma 13). At values of V| where 6 () = 1, the constrained maximal surplus is
achieved and optimal actions are CSM. In addition, when o (¢) = 1, V| +V; is also maximized (given
the concavity of the Pareto-frontier). Once ¢ () = 1, as noted above, we have {(¢) = 0, there is no

overinvestment and the OC is stationary from that point on.

That there is overinvestment in the backloading phase is perhaps surprising given the hold-up
problem and given that the literature, mentioned in the Introduction, that considers the case where
only one agent takes an action finds that there is never any overinvestment. To see that overinvestment
cannot occur in the one-sided case, suppose that only agent 1 takes an action, and that agent 2 gets
all or most of the surplus from the relationship. Then, the OC will be stationary with agent 1 being
compensated for her action each period and agent 2 receiving sufficient to not want to expropriate.
There is no benefit from backloading agent 1’s utility. In particular, it can only increase agent 2’s
incentive to renege in the future, potentially necessitating lower (and more inefficient) future actions
by agent 1. Thus, there is no overinvestment. Now, continue to suppose that agent 2 gets all or most
of the surplus from the relationship but instead suppose that agent 2 also undertakes an action that is

subject to hold-up. In this case, stationarity would imply that agent 2’s action is, and remains, low to
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prevent agent 1 reneging, given that agent 1’s surplus from the relationship is assumed to be low. In
this case, backloading agent 1’s utility allows agent 2 to increase her action in the longer run, even
though there may be a cost in terms of a corresponding reduction in agent 1’s action in the longer run.
As explained above, this may imply overinvestment by agent 1 in the early periods to speed up the

backloading phase.

In summary, at most one agent’s utility is backloaded, and an OC converges to, and attains, a
stationary allocation that maximizes surplus and the sum of lifetime utilities. This one sided-nature
of the OC in which only one of the two agents is ever subject to backloading, and convergence result
itself, is perhaps surprising in view of the possibility that property rights, and hence, deviation utilities,

can shift radically between states.
5. RISK AVERSION

For this section we suppose that agents are risk averse. In particular, we strengthen Assumption 1
and assume that u; is strictly concave for i = 1,2. We also replace Assumption 4 with Assumption 5.
That is, in particular, it is assumed that net consumption and hence, consumption is strictly positive
in an OC. It will follow from this that overinvestment is no longer a feature of an OC. As we have
seen in Section 4, under risk neutrality, the allocation of net consumption between agents may vary,
potentially considerably, across states even in the long-run. Thus, it is important to examine how

allowing for risk aversion affects OCs.

5.1. Characterization of Optimal Contracts

In this sub-section, we first consider the properties of the optimal contract as V) varies in a given
state. Next, we consider how the contract is updated period-by-period: in particular, how the ratio of
marginal utilities changes from one period to the next. In the following sub-section, we consider the
long-run properties of the contract and show that the contract evolves towards a stationary distribution

that may, or may not, depend on the value of agent 1’s lifetime utility Vi (sg).

First, consider [P1] under risk aversion and Assumption 5. By Lemma 7, the Pareto-frontier is
strictly concave. This means that not only is d; () a continuous function of V; (Lemma 9) but it also
can be established (by adapting the proof of Lemma 9, using the strict concavity of the Pareto-frontiers
and the strict concavity of the utility functions) that x{(-) and V;"’(-) are continuous functions of V;.

Our previous discussion of [P1] has shown that the endpoint constraints (3d) and (3e) do not bind.
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Equally, by part (b) of Assumption 5, x; > 0 in an OC and hence, since actions are nonnegative, the
consumption constraints (3f) do not bind. Since constraints (3f) do not bind, setting %, =0,i=1,2, in
equation (4c) shows that dz*/dd; > 0, i = 1,2. This implies, aj (Vi) < aj(a;j(V1),s),i,j=1,2,i# j.

That is, there is no overinvestment: actions are never above the conditionally efficient levels.

To discuss how a}(V;) varies with V, it is necessary to consider the surplus function z*(V;). Recall
that actions corresponding to the maximal value of z*(V}) are called constrained surplus-maximizing
(CSM) actions. As mentioned in Footnote 9, Lemma 14 establishes that the CSM actions maximize
Z’(ay1,ay) subject to the self-enforcing constraints Vi > D} (a2) and V, > Dj(ay). Next, Lemma 15
establishes that z*(V;) is differentiable and concave in V. It need not be strictly concave, however,
because if neither self-enforcing constraint binds, then optimal actions are first-best and hence, z°(V})
may have a flat section at its maximum (z*(V}) cannot be flat for all V; € [V}, V] for reasons to be
explained in Lemma 16). Given this concavity of z*(V}) and the uniqueness of d*(V;), it follows that

the CSM actions are unique.

Both the current action aj (V1), and the evolution of the contract between ¢ and 7+ 1, depend
crucially on whether the current value of V; is above or below the maximizer(s) of z°(V}). Consider
values of V| where the surplus function z*(V}) is increasing in V. Then, constraint (3b) binds and
d;(Vl) = V) (see, Lemma 16). That is, as in the risk-neutral case, for low values of V;, agent 2’s
action is kept inefficiently low, a3 (Vi) < a3(aj(V1),s), to prevent agent 1 from defaulting. For a
higher value of V; (but still with dz*(V;)/dV; > 0), the self-enforcing constraint is relaxed allowing
ay (correspondingly d») to increase, increasing surplus, as confirmed formally below. (Whether agent
2’s constraint also binds for V; such that z°(V;) is increasing depends on whether s € .%; or s € F,
which is discussed next.) Likewise df (V1) = V5 (V1) for any Vi where z°(V)) is decreasing: agent 1’s

action is inefficiently low, a (V)) < aj(a5(V1),s), for high values of V.

In fact we can distinguish two cases in a given state s. For s € .7, (see Figure 1a), first-best actions
can be sustained by definition and there is a corresponding interval of values for V; such that surplus
is maximized. We define 7 and x; as the lower and upper values of this interval.'® Each agent’s

constraint binds only on one side of maximum surplus, that is, agent 1’s when z*(V}) is increasing

16 More generally whether s € .7, or s € .7, there are two values Xi and 7 such that agent 1’s constraint binds for
V1 < %7, while agent 2’s constraint binds for V; > x} (see Lemma 16 for details). For s € . there is also the knife-edge
case where the first-best actions can just be sustained for V| = ¥ = xj.
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ai(Vi) <aj(a3(Vh),s) aj(Vi)=aj(a3(Vh), s

5) ai(vi)<ai(@3(va).s)
a3(Vi)=a3(a (i), s) a3(4) <a3(ai(Vh),5)  la3(Vi) <az(ai(Vi).s)

X1 X; 1% X7 XI Xi Vi
(a). s € .Y (b). s € .F¢

FIGURE 1: Surplus Function z*(V})

and agent 2’s when it is decreasing. So, while for low values of Vi, agent 2 underinvests, but agent 1’s
action is conditionally efficient, aj (Vi) = aj(a5(V1),s). Likewise, for high values of V;, agent 1

underinvests and agent 2’s action is conditionally efficient.!”

For s € .7¢ (see Figure 1b), surplus is always below the first-best and z°(V) is strictly concave.
The subsets of V| where agents are constrained overlap, with both agents being constrained between
X1 and Z7. In particular, there is a unique value of V;, which we denote by %1, at which z°(V}) is
maximized and both agents are constrained at this point (with up, o > 0). Hence, both actions are

inefficiently low at this point.!8:1?

We now turn to how the contract is updated between dates ¢ and r+1. As already argued, d;(V}) and

x;(Vy) are functions of V| and since the Pareto-frontier is strictly concave, the relationship between V)

17 Note that @ (V) increases in V| where z*(V}) is increasing, but does not increase in V; where z*(V}) is decreasing. The
reason for this is that although aj (V1) = aj(a5(V1),s) where z°(V) is decreasing in Vi, a5 (V1) decreases in V; for such
values and by complementarity of actions aj (a2, s) is weakly increasing in a,.

1880 d§ (V1) = V5(V1) and d5(V1) =V, for values of V; € (X1, X1) in Figure 1b. The result that both agents may be
constrained is in contrast to pure risk-sharing models with limited commitment, for example, Kocherlakota (1996) or
Thomas and Worrall (1988), where at most one self-enforcing constraint binds at any one time in any non-trivial optimum.
The reason that both agents can be constrained here is that if actions are inefficiently low, it would always improve the
contract to increase them until the relevant constraint binds.

91t is possible that x§ = V7, in which case a; is inefficiently low for all Vj, or Z{ = V; in which case a5 is inefficiently
low for all V;, or both.
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and the slope of the Pareto-frontier for a given state is injective. Thus, how the choices (d,x) change
over time can be described by how the slope of the Pareto-frontier changes from one period to the
next. Recalling that oy(V}) is the slope of the current Pareto-frontier and that o, (V;) is the common

slope of the Pareto-frontiers next period, it can be shown (see Lemma 17) that for each V; € [V}, V}]

(6) o, (V1) — o5(Vi) = uh

This equation is easily interpreted. Consider a (small) unit increase in V;. The effect on agent 2’s
discounted utility is to change it by approximately V;'(V|) = —0,(V;) units. One way to effect
this change (as good as any other at the optimum) is to hold the current utility of agent 1 constant
(giving any change in the current surplus to agent 2) and increase V| in each state r, the next-period
continuation utilities of agent 1, by 1/8. The effect on agent 2’s current utility is u}(dz*(V;)/dV1).
The effect on the discounted continuation utility of agent 2 is to decrease it by o, (V;), the same for
all future states. The combined effect for agent 2 is u)(dz*(V})/dV)) — o, (V1). Since the overall

change in utility for agent 2 is —o,(V}), we can equate to get equation (6).

Recall that, from (4b), o, (Vi) = ub(x2(V1))/u} (x1(V1)), the current ratio of marginal utilities. It
is intuitive therefore that o, (V) is increasing in V| because an increase in V| may be associated with
an increase in current net consumption of agent 1, lowering the marginal utility of agent 1 with the
opposite effect on the marginal utility of agent 2. That o,"(V}) is increasing in V; is formally proved
in Lemma 18(i). Since the Pareto-frontier is strictly concave, o5(V)) is also strictly increasing in
V1, there will be a positive relationship between the slope of the Pareto-frontier this period and next
period for a given state, or equivalently between the current ratio of marginal utilities and the ratio
of marginal utilities at the previous date. Given the concavity of z°(V}), equation (6) therefore can
be reinterpreted as showing that for a given state the ratio of marginal utilities increases when V is
low (dz*(V})/dV; increasing) and decreases when Vj is high (dz*(V;)/dV; decreasing), or otherwise
does not change. Intuitively, relative to the ratio of marginal utilities at the previous date, the current

consumption shares change in a direction that allows current surplus to increase.

5.2. Convergence

To examine long-run convergence, we again treat choices at date ¢ as random variables and

write x; (¢) for the random value of net consumption at date ¢ after history s’ etc. Define mu(t) :=
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ub(x2(2))/uy (x1(¢)) to be the ratio of marginal utilities at date 7. In the risk-neutral case mu(t) = 1
and our focus was on how overinvestment as measured by () changed over time. Here, there is no
overinvestment, by virtue of Assumption 5(b), but mu(r) may fluctuate over time and our next two

theorems focus on the long-run properties of mu(t).

To help explain the dynamics and convergence properties of an OC, we first consider the case of a
single state s. If V(z) is such that dz°(V;(¢))/dV; > 0O (resp. < 0), by o,(V}) strictly increasing in V7,
(6) implies that V; (t 4 1) > V| (¢) (resp. < Vi (¢)). If dz*(V1(¢))/dV) = 0, then V(¢ + 1) = Vi (¢). Thus,
the evolution over time of Vj is as illustrated by the arrows in Figure 1 with stationary behaviour
when z* is the constrained maximal surplus. In fact, we can show that V| cannot “overshoot” points
where z* is maximal. Recall that a(s) denotes the unique CSM action in state s (= a*(s) for s € 7).
Similarly, let Z(s) denote the constrained maximal surplus in state s (= z°(aj(s),a5(s)) for s € 7).
Since mu(t) = o (¢ + 1) and since it has been established that o, (V}) is increasing in Vi, it can be
seen from Figure 1 that there is a unique ratio of marginal utilities that is compatible with surplus
maximization in states s € . (Figure 1b) and a (possibly degenerate) interval of marginal utilities
compatible with surplus maximization in states s € ., (Figure 1a). Note too that once a(t) and mu(t)
are determined, x(¢) is uniquely defined and therefore, we can describe convergence of the contract in
terms of convergence of actions and the ratio of marginal utilities. From this we have the following

theorem in the case of a single state:

THEOREM 2: Suppose that there is a single state s. Then an OC converges to a contract with CSM

actions and hence, constrained maximal surplus. In particular, ||a(t) —a(s)|| — 0 and the sequence
{Z*(t)} is monotone (constant or increasing) with |2*(t) — Z(s)| — 0. Moreover, the sequence {mu(t)}
is monotonic (increasing, decreasing or constant depending on the initial condition). (a) If s € .7,
then the action sequences {a;(t)} are monotone (constant or increasing). (b) If s € /£, then the
action of one of the agents is monotonically increasing (which agent depends on initial conditions)

and the limit of the sequence {mu(t)} is independent of Vi (so).

This single state case is similar to the risk-neutral case. Actions converge to CSM actions and there
is backloading of the continuation utilities. In particular, the sequence V;(¢) is monotonic so that one
agent has his/her continuation utility backloaded. In part (a) where there is an interval of the ratio of
marginal utilities that are compatible with surplus maximization, convergence will be to the lower

endpoint of the interval if the initial MU ratio lies below the interval; to the upper endpoint if initial
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MU ratio lies above the interval; and the sequence of MU ratios will be constant if the initial MU

ratio is within the interval.

With more than one state, convergence to constrained surplus maximization may not occur because
there is a conflict between risk sharing and surplus maximization. To achieve surplus maximisation
in state s the distribution of consumption may differ from that in s’ # s and therefore, an OC must

(dynamically) trade-off risk sharing against surplus maximization.

As just described, there is a (possibly trivial) interval of MU ratios corresponding to maximum
surplus in state s for s € .%,. An FBA is sustainable if the CSM actions are efficient in every state
and the intersection of all such intervals for the MU ratios is non-empty. If the intersection is not
only non-empty but a non-trivial interval, then there are multiple FBAs. If a FBA is sustainable then
convergence is similar to the one state case. If however, the intersection is empty, an FBA is not
sustainable and the MU ratio may not converge to a single value. It does, under a weak regularity
condition, converge to a long-run invariant distribution. To describe the evolution of the MU ratio, let
E(V1 (s0)), R4 — [0, 1] denote the distribution function of mu(z) at date ¢ given the initial value V; (s).

This leads us to the following general convergence theorem.

THEOREM 3: a) Suppose an FBA is sustainable. Then an OC converges with probability one to an
FBA: ||a(t) — a*(s;)|| — 0 and the random sequence {mu(t)} is (weakly) monotone, with probability
one. If there exist multiple FBAs, then the limit FBA depends upon V| (so).

(b) Suppose instead that an FBA is not sustainable. Then, provided mg; > 0 for all s, FI(VI(SO)) converges
weakly to a unique distribution independent of V| (so). Either (i) this distribution is degenerate, in
which case dynamics are as in part (a), with stationary limit contract with CSM actions in each state,

or otherwise (ii) this distribution is non-degenerate, and current surplus is not maximised in the long

run: ||a(t) —a(s;)|| — 0 with probability zero.

Parts (a) and part (b)(ii) of Theorem 3 mirror the convergence arguments of Theorem 2. In part (a),
there is convergence to a FBA. There is a (possibly trivial) interval of the ratio of marginal utilities
that are compatible with efficient actions and a constant MU ratio. Convergence will be to the lower
endpoint of the interval if the initial MU ratio lies below the interval; to the upper endpoint if initial

MU ratio lies above the interval; and the sequence of MU ratios will be constant if the initial MU
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ratio is within the interval. Part (b)(ii) considers the case where there is a unique MU ratio consistent

with CSM actions in each state. Convergence is to the CSM actions and to this MU ratio.

Part (b)(ii) of Theorem 3 provides a description of what happens when there is a conflict between
surplus maximization and risk sharing. The OC exhibits a second-best property. The MU ratio
mu(t) does not settle down to a single value, and whenever it differs across two dates r—1 and ¢,
actions at date ¢ will not be CSM.?? By contrast, in the risk-neutral case, once the stationary phase is
reached surplus is maximized in each state by varying the continuation utility to allow the constrained
maximal surplus to be achieved (Theorem 1). For example, if the state changes from one in which
agent 1 can claim most of output to one in which roles are reversed, sufficient surplus and future
utility is reallocated to agent 2 to satisfy his self-enforcing constraint at the CSM actions for that
state. However, in the risk-averse setting of part (b)(ii) of Theorem 3, risk-sharing considerations
make such an immediate step change undesirable. It is better to hold agent 1’s action at the later
date inefficiently low, keeping agent 2’s default payoff from rising too much; this relaxes the latter’s
self-enforcing constraint so that the share going to agent 2 does not rise to that consistent with CSM

actions.

A more detailed intuition is as follows: suppose to the contrary that the ratio of marginal utilities
differs across two dates t—1 and ¢, but actions at date ¢ are CSM. Then a simple change in the contract
att—1 and 7 can produce a Pareto-improvement. Consider the case where mu(t—1) > mu(t). Initially
hold actions fixed at both dates and increase x| () by a small amount, but reduce x| (t—1) to leave
Vi (t—1) unchanged. If surplus were unchanged at ¢, this would improve risk sharing and lead to
a Pareto-improvement because V;(f—1) would increase. However, because x,(¢), and hence V;(t),
have fallen, agent 2’s self-enforcing constraint may be violated at the initial actions (and will be, if
the CSM actions are below the first-best). In order not to violate agent 2’s self-enforcing constraint,
agent 1’s action at date ¢ can be reduced. Correspondingly, agent 2’s action can be increased because

V() has risen. Critically, although this change may reduce surplus at date ¢, it does so only by a

20 Formally, mu(t—1) # mu(t) implies 6 (t) # o(t+1), and thus from (6), dz* (V;(¢))/dV; # 0. Hence, actions at date ¢
are not CSM, as claimed.
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second-order amount since, by assumption, the original actions at date t were CSM.?! Consequently,

a Pareto-improvement results, contradicting the supposed optimality of the original situation.
5.3. Pure risk-sharing

We now compare our results to the standard limited commitment, two-agent, pure risk-sharing
model of Kocherlakota (1996), Ligon et al. (2002), Thomas and Worrall (1988). To do this, for
simplicity we consider a special case of our hold-up model with additive production (here we
return to treating actions a; as choice variables), y*(a) = f](a1) + f5(a2), and proportional defaults,
¢;(a) = 6} fi(a1) + 0 f5(az) where 8, >0, i,j = 1,2, and Y7, 6;; =1, j=1,2. Our hold-up
assumption requires Ql-sj >0, i,j=1,2,i7# j, all s. Holding technology and preferences fixed,
consider the limit case where hold-up vanishes: Gisj =0,i,j=1,2,i+# j, all s. This corresponds
to the pure-risk sharing model. In any OC of this limit model actions are clearly efficient, as are

actions in the breakdown, so only efficient levels play any role. Agent i’s “endowment” in state s is

fi(ai(s)) — a7 (s) and breakdown utility is u(f’(a; (s)) —a;j (s)).

We establish that the dynamics of the hold-up model converge to that of the risk-sharing model. In
the latter, as is well known, dynamics are summarised in a simple updating rule for mu(t) (which fixes
surplus division given surplus depends only on s). We characterise how the corresponding updating
rule in the hold-up model converges to the risk-sharing one as hold-up disappears. One application of
this is that it allows us to characterise general properties of the hold-up dynamics for cases where

hold-up is low.

From Ligon et al. (2002), the updating rule in the pure risk-sharing case, which we write mu(t) =
IR (mu(t—1),s,), has the property that there is a (possibly degenerate) interval [;_)55 , pR5] for each
s such that RS (mu(t—1),s) = pRS if mu(t—1) > pRS; &S (mu(t—1),s) = mu(t—1) if mu(t—1) €
[;_)SRS,ﬁﬁs] and A% (mu(t—1),s) = p&* if mu(t—1) < pk*. Moreover, there exists § > 0 such that for
1 > 8 > 9, OCs that improve on autarky exist, and each [;_)53 , XS] is non-degenerate (Proposition 2(iv)
in Ligon et al. 2002).

21 The change in surplus would be second order when V| and V5 are varied according to the Pareto frontier at t starting
from maximum surplus; because the frontier’s slope is —mu(t) at maximum surplus, the change we construct also only
has a second-order effect. Also, note that, by construction, the self-enforcing constraints hold at 7, and since V;(t—1) is
unchanged and V(¢ —1) is increased, they also hold at 7 —1.
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h(mu, 2)

RES (mu, 2)
h(mu, 1)

RES (mu, 1)

S mu(t-1)

FIGURE 2: Convergence to Pure Risk-Sharing

Likewise, in the hold-up model we can also use (mu(t—1),s,) as the state variable. (By mu(t—
1) = o(¢), this is equivalent to (o (¢),s;).) Thus the evolution of the contract can be represented by
mu(t) = h(mu(t—1),s;), where h: R U {0} x . — R (see Lemma 18 in the Appendix for details
and characterisation). The updating functions /(mu,s) converge to those of the pure risk-sharing
model as the hold-up problem diminishes. Moreover, for mu(t—1) within the interior of the interval
[pXS, pRS], when hold-up is small enough, optimal actions at ¢ are at the first-best levels and so mu(r)

= mu(t—1). An illustration of this convergence for two states is depicted in Figure 2.

PROPOSITION 1: For each state s € ., (i) for all mu € R, h(mu,s) — h®S(mu,s) as 6;; — 0,
i,j=1,2,i%# j, alls. (ii) For § > § and any 1 satisfying (1/2)(p&S —[_)53) > 1 >0, all s, there exists
€ > O such that for 6;; <€, i,j = 1,2, i # j, all s, h(mu,s) = mu for all mu € [/_)SRS—i- n,pRS —n).

One well-known feature of the pure risk sharing model is the “amnesia” property that once one of
the agents is constrained, then the previous history is irrelevant to the future evolution of the OC. This
property no longer applies in our model of risk averse agents with actions. Suppose that agent 2’s
self-enforcing constraint binds at date 7. In the risk-sharing problem, this fixes his continuation utility

and there is a unique optimal way of delivering this continuation utility independently of past history
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and, in particular, independently of the previous ratio of marginal utilities. This can be seen in the
flat sections of the functions /%S (mu, s) in Figure 2. In the hold-up problem, by contrast, agent 2’s
self-enforcing constraint can be relaxed by cutting agent 1’s action. Although this change may reduce
surplus, sacrificing surplus can be offset by improved risk sharing and the incentive to do this will
vary with the lagged MU ratio. The logic of trading off surplus to improve risk sharing is similar
to the explanation given above for why the partial insurance case involves optimal actions that are
not CSM, even in the long run. This result is illustrated in Figure 2 by the fact that the functions
h(mu,s) are upward sloping even away from the 45° line (Lemma 18). Thus, even when an agent is
constrained, past history affects the current actions and consumption and the future evolution of the

OC. The amnesia property fails.

6. CONCLUSION AND FURTHER WORK

In this paper, we have analyzed the dynamic properties of a relational contract between two agents
both of whom undertake a costly investment or action that yields joint benefits. We have shown that
optimal contracts exhibit different properties depending on whether agents are risk neutral or risk
averse. In the risk-neutral case, investments may be either above or below the efficient level and that
actions and the division of the surplus converges monotonically to a stationary solution at which
actions are constrained surplus maximizing (either both are first-best or both are below the first-best
level). In the risk-averse case, we also establish a convergence result but convergence may or may not
be monotonic depending on whether it is possible to sustain a first-best allocation or not. We have
demonstrated that the optimal contract converges to the pure-risk sharing results of Kocherlakota

(1996) as our hold-up problem vanishes.

In the risk averse case there is an interesting trade-off between hold-up and risk-sharing. The
hold-up problem creates an opportunity to relax the default constraint by lowering actions. This in
turn allows more risk-sharing to be achieved without leading to default. It would be interesting to
evaluate whether the gain in risk-sharing would ever be sufficient to offset the loss in surplus created
by the original hold-up problem. This is a difficult question because without additional structure to

the model little can be said about the long run distribution of the optimal contract.

The model might be extended in a number of directions. One extension would be to consider a

model of repeated voluntary contributions to public good provision. Other extensions could allow
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for heterogeneous discount rates or to treat the actions as real investments with capital accumulation
such as in a model of sovereign debt, or to consider efficient ownership structures when ownership

affects the breakdown utilities.

APPENDIX
Statements of Lemmas for Section 2

LEMMA 1: Under Assumption 2, fori, j = 1,2, i # j and for each s € ., the conditionally efficient
action, a;(aj,s), is single-valued, weakly increasing and continuous in a;.

LEMMA 2: Under Assumption 3, for i, j = 1,2, i # j and for each s € ., the Nash best-response,
aév(aj,s), is single-valued, weakly increasing and continuous in aj. Moreover, 0 < aﬁv(aj,s) <

ai(aj,s) forall a;.

LEMMA 3: Under Assumptions 1 and 3, fori,j = 1,2, i # j and for each s € ., the deviation
utility, Di(a;), is bounded below and is a continuous, increasing, strictly concave, and differentiable
Junction of a;.

Statements of Lemmas for Section 3

LEMMA 4: Under Assumptions1-3, the set of lifetime utilities V5, that correspond to DRCs is
compact for each so € .. Hence, optimal contracts exist.

LEMMA 5: Under Assumptions 1-3, fori, j =1,2, i # j, optimal actions satisfy a;(s') > a¥ (a;(s"),s;),
and (a1 (s"),ax(s")) > a"E(s;) > 0, for any history s'.

LEMMA 6: Under Assumptions 1-3, for i, j = 1,2, i # j, if for any history s', ¢;(s") = y* (a1 (s"),az(s")),
a¥(a;(s'),st) < ai(s') < at(aj(s"),s;) and Vi((s',r)) > Df(a]JyE(r))for all r € .7, then

i

wi(y"(ar(s'),ax(s")) — ai(s")) + 6 %”stﬂ/,-((s’,r)) > D} (aj(s")).

LEMMA 7: For each s € . and under Assumptions 1-3 (i) under either Assumption 4 or Assump-
tion 5, V§(V) is a continuous and concave function of V\ defined on a closed interval [V}, V). (ii)
Under Assumption 4, V5 (V1) is strictly concave over any interval such that d*(Vy) varies with Vi ;
under Assumption 5, V5 (V1) is strictly concave over any interval such that d*(Vy) varies with V, or if
u; is strictly concave, i = 1,2.

LEMMA 8: Under Assumptions 1-3 and under either Assumption 4 or Assumption 5, the Pareto-
frontier V5 (V1) is continuously differentiable on (V{,V?), where Vi <V} for each s € .. Moreover,

viIw)y =0 and ;U (%) = e,

where VZSH) denotes the right and st ) the left derivative.
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LEMMA 9: Under Assumptions 1-3 and under either Assumption 4 or Assumption 5, di(Vy) is a
continuous function of Vy for each s € . andi=1,2.

LEMMA 10: Under Assumptions 1-3, and for i, j = 1,2, i # j, for any history s', (i) if Vi(s') > d(s"),
then aj(s') > aj(ai(s'),s;); (ii) if ci(s") > O, then a;(s') < ai(a;(s"),s:)-

Statement of Lemmas and Proofs of Main Results for Section 4

For this subsection we maintain Assumptions 1-4 but additionally assume that agents are risk-
neutral with u;(x;) = x;.
LEMMA 11: For each s € .7, the Pareto-frontier V;(-) is strictly concave on [V, V*) where

Vit = inf{V;:Vy' (Vi) = —1}, and on (Vi*,V] where Vi* := sup{V,:Vy'(V}) = —1}. If first-best
actions are not sustainable in state s, i.e., for s € F, then V3 (-) is strictly concave on [V{, V).

LEMMA 12: With probability one, there is a random time f < oo such that §(t) converges monoton-
ically to O with §(t) =0 forallt > 7 —1.

LEMMA 13: For each s € .7, the surplus function 7*(Vy) is a continuous and single peaked
function of V. That is, for any Vl(]) < Vl(z) < V1(3), it is not possible that zs(Vl(l)),zs(V1(3)) > 7 (Vl(z)).
Moreover, 7°(Vy) is maximal when o5(Vy) = 1.

Proof of Theorem 1.

Stationary phase: Define 7 as the earliest date at which o(f) = 1. By Lemma 12, 7 < oo with
probability 1. If 6 =1 and V| € A (so that ¢; = 0), then it follows from the first-order conditions
that v = % = u; = wp = 0, and hence that d = d*. A similar argument applies for ¢ = 1 and
VieC.lf co=1and V) € B(socy >0 and ¢; > 0), then yu; = yp from (4a). Thus, either u; =0,
i = 1,2, in which case again d = d* and z*(d) is maximal, or y; > 0, i = 1,2, so both self-enforcing
constraints bind. In the latter case, (dz°/dd,)/(dz°/ddi) = 1 = —V5'(V}), from (4a) and (4c). From
the concavity of V3 (V;) and z°(d), this implies that z°(d) is maximized by choice of d € Z(s) and
Vi e [Yf,Vls] subject to d» < Vy,d; < V,(V)). Since these self-enforcing constraints must hold for
any DRC, it follows that at 0 = 1, z°(d) is maximal across all DRCs whether the self-enforcing
constraints bind or not and optimal actions are CSM. Also in the case where t; = up > 0, it follows
from (4c) that d;(r) < d; (d;(t),s:) < d;(s;), j # i (the last inequality follows because d; (d;,s) is
non-decreasing in d;). Since a; and d; are positively monotonically related through the function g;.
and a = a* if and only if d = d*, the statement in the Theorem follows.

Backloading phase: Suppose V(sp) is such that 6y < 1 (a symmetric argument applies if oy > 1).
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Then o(t) < o™ (t) = o(t+1) <1 and p(¢) = 0.

We first establish the last part of the theorem. Consider t =7—1, so that 07 (r) = o(t+1) = 1.
Then 67 (t) — o(¢) > 0 and from (4a), u;(r) > 0. (4b) implies that y;(r) = 0. So from (4c),
dz"/dd; > 0, and thus, d;(t) < di(da(t),s;). Likewise in (4c), da(t) < d5(d;(t),s;). Together
with d (1) < dj(d(t),s;) this implies d; () < d{(s;) and d(t) < d5(s;); equivalently a;(t) < aj(s;)
and ax (1) < a;(s;).

Next, suppose 67 (z) < 1, so that t <7—1 and from (5a) y; > 0 (so ¢; = 0 and V;(t) € A*).
Equation (5a) implies that dy*(aj,az)/da; < 1, so that a;(r) > aj(ax(t),s;). Again using (4c),
dz°(d1,d2)/ddy > 0, so that dp(t) < d5(d;(t),s;) and hence ax(t) < a5(a;(t),s:).

To establish the monotonicity of the marginal conditions, consider dates 7 and ¢’ with 7 > ¢ > ¢ such that
the same state s occurs at date ¢ and 7. If 6 (¢') < 1, then it follows from the monotonicity of the se-
quence established in Lemma 12 that 67 (1) < 6" (¢') < 1. Hence, Vi (t) € A* and Vi (¢') € A*'. It fol-
lows directly from (5a) that 1 > dy*(a(t'))/da; > dy*(a(t))/da;. Now suppose, contrary to the asser-
tion that dy*(a(t')) /day > dy*(a(t))/day or equivalently dz*(a(t"))/dar > dz*(a(t))/day. From (5a)
and (5b) 07*(d(t))/ddr = 0™ () — o(t) > 0, and hence dz*(a(t))/da, > 0 and 9z*(a(t'))/da, > 0.
Strict concavity of z*(a) requires that Y'2_, ((dz*(a(t')/da;) — (9z*(a(t) /da;)) (ai(t") — ai(t)) < O for
a(t) # a(t"). Then, since 9°z°/da;das > 0, it follows that a;(¢t) > a;(¢') and ay(t) > ax(¢'). This
however provides a contradiction. To see this, consider that 6(t') > o(¢) and o(¢) < 1 imply,
from Lemma 11, that V(') > V;(¢). Equally, because dz*(a(t'))/das > 0, u;(¢') > 0, and hence,
dy (') = Vi (t') > Vi(t) > dy(r). This implies ay(¢') > as(t), a contradiction. A similar argument
applies if 07 (r) < 61 (t') = 1 and , except that in this case we have ¥; (') = %(¢') = 0 and thus,
from (4¢), dz°(a(t'))/da; > 0 > d7*(a(t))/da; (the second inequality follows from the earlier argu-
ment because 67 (¢) < 1). Finally, Lemma 13 shows that z*(V;) is continuous and single-peaked and
has a maximum when oy(V;) = 1. From above, V; (') > V;(¢) when o(¢) < 1. Hence, we conclude
that that z*(a(r)) < Z*(a(¢')). =

Statement of Lemmas and Proofs of Main Results for Section 5

For all lemmas and proofs in this subsection, we maintain Assumptions 1-3 and 5. Additionally it

is assumed that agents are risk averse, that is, u; is strictly concave for i = 1,2.

LEMMA 14: For each s € .7, a solution to [P1] has the property that z°(ay,ay) is maximised over
a € R? subject to Vi > D (az) and V3 (V1) > D5(ay).
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LEMMA 15: For each s € ., the surplus function z* (V1) is continuous, concave and differentiable
in Vl.

LEMMA 16: For each s € .7, (i) dz°(Vy)/dV) > 0 (< 0) implies pui(Vi) > 0 (u3(Vy) > 0); (ii)
there are two critical values ¥} € (V},V{] and x} € [V§, V), such that d5(Vy) =V, for all Vi < X}
and di(Vy) = V5(Vy) for all Vi > xj. Moreover, (Vi) = 0 for V; >V > i and u3(Vy) = 0 for
Vi < Vi < xj (if such Vi exist). If the efficient actions can be sustained in state s, then X7 < xji.
Otherwise, _)_(f > xi, and surplus is maximized for a unique value of Vi € (X1, X;) at which both
constraints bind. )

LEMMA 17: For each V; € [V, V5], o7 (Vi) — 05(Vi) = ubdz* (V1) /dV).

Proof of Theorems 2 and 3:
We proceed in several steps, first proving Theorem 3 and then specializing to prove Theorem 2.

Since o, (V}) depends only on the current slope ¢ and the current state s (recall Vi and o are
uniquely related for a given state) the evolution of the contract can be represented as a stochastic
recursion, i.e., o(r+1) = ;7 (o, ' (6)), which we write as 6(1+1) = h(c(t),s;), and where h: R4 U
{eo} x . = Ry; 6(0) = 0y is the given initial value, corresponding to the initial state so and agent 1’s
lifetime utility V; (so). (This is the same function as % defined in the text, given that mu(t) = o (t+1).)

LEMMA 18: (i) The function h(0o,s) is continuous and strictly increasing in o, (ii) for each state s,
there is a single, possibly degenerate, interval of fixed points [0, ,6.], o > 0, such that h(c,s) = ¢
forany o € [o},6]]; (iii) h(0,s) < © for c > &, and h(o,s) > o for 6 < o

Proof. Let x;(Vi) = ¢;(Vi) — gj(di(V1)) be the net consumption of agent i (dropping the state super-
script) and p (V) := ub (x2(V1))/uy (x1(V1)). Then, h(c,s) = p(o; (o).

We first prove part (i). From the concavity properties of [P1] under Assumption 5, the choice variables
x;(V1) are continuous, and hence, p(V;) is continuous in Vj. From Lemma 8, the Pareto-Frontier is
continuously differentiable and hence, so too is its inverse. Thus, (0, s) is continuous in ©.

Next, we turn to the monotonicity of i(o,s). First, we show that p(V)) is strictly increasing. Suppose,
to the contrary, that p(V;) < p(V}) for some V; > V. It follows from p(V;) = —VJ’(V}) and the
concavity of the frontier V; (V1) that V' (Vy) < V{ (V) for all r € .. Also, since V; < Vj, we have
u(xi(V1))+ 8 reo VI (V1) <y (x1 (V1)) + 8 ¥ e VI (V1) Hence, x1 (V1) < x1(V1). Likewise,
since the frontier is downward sloping, V2(V}) > Va(V;) and V3 (V{ (V1)) < V5 (V] (V1)), and therefore,
that x2(V1) > x2(V1). But then ) (x2(V1))/u} (x1 (V1)) < b (x2(V1)) /iy (x1 (V1)) or p(V1) < p(V1),
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which is a contradiction. Thus, we can conclude that p(V}) is strictly increasing in Vj. Since the
frontier V3 (V1) is strictly decreasing in V; and o = —V3'(V}), the result is proved.

To establish parts (ii) and (iii), from Lemma 16, for s € .%, surplus is at the first-best level for V| €
(%1, xi]. Correspondingly, there is an interval of Pareto frontier slopes [0, 6] := [ V3" (%]), = V5" (x7)]-
For s € ¢, the corresponding interval is degenerate at a single point [0, 6;] := [—V5'(%])] where
X} = argmaxy, 2*(V1). It follows from part (b) of Assumption 5 and equation (4b) (given ¥, = v/ =0
fori = 1,2) that 6, (V}) is positive and finite. Thus, 0 < g; < 6;° < «. Equation (6) therefore implies
the following: If oy(Vy) € [0}, 6], then o," (V) = 6,(V1). If oy(Vy) > 6, then dz*(Vy)/dV; < O
(given the concavity of z*(V;) by Lemma 15) and hence, o," (V1) < 05(V}). Likewise, if oy(V) < o/,
then dz*(V;)/dV; > 0 and hence, o, (V}) > o5(V;). m

Let § be a state such that o; > o and s a state such that 6; < 6, forall s € ..

LEMMA 19: An FBA is sustainable if and only if o5 < 6; and ./, = ..

Proof. The “if” implication follows because there would exist an initial value oy € [g5, 6;] such that
oy € [0, 6;] for each state s. It therefore follows that starting from oy, o (), and hence, the ratio of
marginal utilities, is kept constant at 6, and since surplus is maximized for o(t) € [g;;, G; ], actions
are CSM and thus first-best by .7, = . in each state. “Only if” follows because by Lemma 18 even
if first-best actions are sustainable in every state, o7 > G, would imply that whenever s; = § and
st = s (such ¢, T exist with probability one given irreducibility), then either (a) o(t) € [g;;, ;] and
o(t) € [o;., 6, ] in which case 6(t) > 6(7), and the risk-sharing condition fails, or (b) either or both
o(t) ¢ [oy,6,] and 6(7) ¢ [0y, G |, in which case surplus is not maximized at least one of the dates.

Proof of Theorem 3.

Recalling that mu(t) = o(t+1), an interval [o,", 5;] corresponds to an interval of MU ratios in state s
and converge of o (¢) is equivalent to converence of mu(t). Part (a) of the Theorem therefore follows
straightforwardly from Lemmas 18 and 19. From Lemma 19 g5 < &;. Convergence is to o5 if
0y < o7, since 6(t) =h(o(t—1),s,-1) > o(t—1) by Lemma 18(iii) and so {o(¢) } is a nondecreasing
sequence; it is bounded above by o7 given & continuous and increasing in ¢ and that h(o,s) < o,
all s, for 0 > o7, by Lemma 18(ii) and (iii); with probability one o (¢) converges to g; given that

h(o,5) > o for 6 < o7 and the irreducibility of 7] and finiteness of states implies that state §
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is recurrent. Likewise convergence (monotonic) is to G_S* if og > c‘f_s*, and o (¢) is constant at oy if
0y € [05,6; . If there exist multiple FBAs then g7 < &y, and the limit depends on oy and hence on
Vi(so). Since lim;_,.. 0(t) € [0, &;] for all s, mu(r) convergence and by continuity the limit actions
are a*(sy), and x*(s;) is such that u} (x5 (s)) /u} (x](s)) = limy 0 0 (2), all s.

For (b), if an FBA is not sustainable, then by Lemma 19 either o5 = 6 and the CSM actions are
below first-best levels in at least one state, or 67 > 6;. In the former case by Lemma 18, following the
argument in part (a), {o(#)} is monotonic and converges with probability one to o7 = ;" € [gy, 6]
for all s, implying that limiting actions are CSM in each state, establishing case (b)(i). Otherwise,
part (b)(ii) obtains; o () € [ming{h(0,s)},maxs{h(co,s)}] for r > 1. Irreducibility and finiteness of
7] implies s and § are recurrent, and g7 > 6; implies that for any ¢ > 0, either 4(0,5) > © or
h(o,s) < o (or both). Thus, given A is continuous in &, weak convergence to a degenerate distribution
is impossible. Next consider the sequence of r.v.s {a(r) —a(s;)}. Assume w.l.o.g. that state s is
uniquely defined. Consider an infinite history {so,sy,...} in which each state occurs infinitely often,
which implies from the properties of 4 established in Lemma 18 that there exists ¢’ such that o(r) > 6;
for ¢ > ’; note that the set of such histories has probability one. Suppose that a(t) — a(s;) — 0, so
that along the subsequence {s;,,s,,5s,,...} Where #; is the ith time s occurs, a(t;) — a(s) as i — oo.
Consider at > 1’ such that s, = 5. Then o(t) > h(&;,5) > &; by hincreasing in ¢ and 4(0,5) > ©
for 0 < o7. If #; is the next time s occurs, o (¢;) > min{A(6;,3), ming,, 67 } > 6;. This implies that
Vi (t;) is bounded above argmaxy, z£(V}), i.e., above o, ! (65), so a(t;) is bounded away from a(s).

Since s; = § infinitely often, this contradicts a(z;) — a(s).

Next, fix any o, € (65*, o)), clearly h(o,5) > o, and h(o.,s) < o,. Using ms > 0 all s, there exist
t > 1 such that

&1:=P(0(r) < 0| 0y = (max{h(e,5)})) >0

& :=P(o(t) > o, 0o = (msin{h(o,s)}) >0,

since for €| (respectively &) consider a sufficient number of consecutive occurrences of s (respectively
§). This implies the “splitting condition” of Bhattacharya and Majumdar (2007; Chapter 3.5, p250)
for the i.i.d. case, and the condition in Foss et al. (2014; Corollary 1) in the general Markov case.

(V(s0))

Thus, there is a unique stationary distribution £ such that F, converges weakly to F, as t — oo,

for any initial condition. m
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Proof of Theorem 2.

The proof of convergence is as in the proof of Theorem 3 parts (a) and (b)(i). In this one state case
the monotonicity of the sequence {V;(¢)} implies the monotonicity of z°(V;(¢)) given the argument
relating to equation (6) in the text. Equally, if V| (¢) is increasing, it follows from the constraints that
a(t) is increasing and if Vj (¢) is decreasing, then a; () is increasing. For a state s € .7, the action
of the constrained agent is conditionally efficient and therefore by complementarity of production, if

Vi (¢) is strictly monotone, then both actions are increasing. m

Proof of Proposition 1.

The proof is straightforward but tedious and details are provided in the Supplementary Materials. m
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DYNAMIC RELATIONAL CONTRACTS UNDER COMPLETE INFORMATION
SUPPLEMENTARY MATERIAL

This Supplementary Material contains the omitted proofs of all the lemmas from the Appendix to the paper. It also
contains the statements of all these lemmas and provides the details of the proof of Proposition 1. This Supplementary
Material can be used without reference to the Appendix.

Proofs of Lemmas for Section 2

LEMMA 1: Under Assumption 2, for i, j = 1,2, i # j and for each s € ., the conditionally efficient action, a}(a;,s),
is single-valued, weakly increasing and continuous in a;.

Proof. By Assumption 2, holding a; fixed, y*(ay,a>) is strictly concave in a;. Thus, the conditionally efficient actions are
uniquely defined. From the continuity and differentiability assumptions, each a; (a;,s) is a continuous function of a;.
Complementarity in production implies that a}(a;,s) is weakly increasing in ¢ fori, j=1,2,i# j. m

LEMMA 2: Under Assumption 3, for i,j = 1,2, i # j and for each s € ., the Nash best-response, afv(aj,s), is
single-valued, weakly increasing and continuous in a;. Moreover, 0 < a¥ (a;,s) < aj(a,s) for all a;.

Proof. Since the lemma applies for any given state s, the notational dependence on s can be dropped. Uniqueness of
the a (a;) follows from Assumption 3 that ¢;(a;,a;) is strictly concave in its own action. Standard results imply these
are continuous and differentiable functions. Since, from Assumption 3, d¢;(0,a;)/da; > 1, it follows that a? (a;) > 0.
Moreover, from the inequality in (1), 1 < d¢;(0,a;)/da; < dy(0,a;)/da;, so that a}(a;) > 0. Thus,

_ 99ilai (ay),a)) _ 9ylaj(az),aj) _ 99ila(ay).a))

! aai Qai a(ll‘ ’

where the first two equalities hold from the first-order conditions for aﬁ.v (aj) and af (a;) respectively, and the last inequality
follows from (1). It then follows from the strict concavity of ¢; in its own argument (Assumption 3), that a (a;) < a(a;).
]

LEMMA 3: Under Assumptions 1 and 3, for i,j = 1,2, i # j and for each s € .7, the deviation utility, D{(a;), is
bounded below and is a continuous, increasing, strictly concave, and differentiable function of a;.
Proof. Using Lemma 2 and the definition of the deviation utility establishes its continuity and differentiability. The
derivative satisfies:
a¢ls(a11v(a27s)7a2)
day '

Thus, D} (az) is strictly increasing in a by the hold-up assumption in Assumption 3. To show it is strictly concave, let
vf’ (az,s) :=maxg, ¢ (d1,a2) — d;. Dropping the state notation, since nothing depends on it, consider two values a» # d»
and the convex combination a4 = Aas + (1 —A)a, for A € (0,1). Then,

DY (a2) = uy (9] (a} (a2,5),a2) — ay (az,5))

ol (a}) = ¢1(a) (a}),ab) —d) (a})
> g1 (Aa) (a2) + (1 = A)al (a2),a}) — (Aal (a2) + (1 - A)d) (a2))
> A (01(a) (a2),a2) — aY (a2)) + (1 = A) (1(a) (42),42) — &) (@2))

=10 (@) + (1= A)v} (42),

[y

where the first inequality follows from optimality and the second strict inequality from Assumption 3 that ¢; (a) is strictly
concave. Since Dy(az) = u1 (V) (a2)) + 8 ¥c o WD (ahE (r)) and u; is itself concave, it follows that Dy (a») is strictly
concave. From Assumption 3, v)¥(a2) > v¥(0) > 0. Therefore, from Assumption 1, u; (v (az)) > —oo. Likewise,
Dj(aYE (r)) > —oo, and hence, Dj(ay) is bounded below too. The same arguments apply with agent indices reversed. m
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Proofs of Lemmas for Section 3

LEMMA 4: Under Assumptions1-3, the set of lifetime utilities V5 that correspond to DRCs is compact for each
so € .. Hence, optimal contracts exist.

Proof. By Lemma 3, D}(a;) is bounded below and by Assumption 2, z*(a) is bounded above for each s € .. Together
these facts imply that the future utility for agent i is bounded above. Therefore, in order to satisfy (2), it follows that
u;(x;(s')), and hence x;(s'), is above some bound, say £;, at each s'. By Assumption 2, the set of actions &7 (s) =
{(a1,a2) € R? | z*(a) > % +%,} is compact. Therefore, the action-consumption pairs after any history s’ can be restricted
to a compact subset, say f (s') C R*. Hence, the product space [y F (s') is sequentially compact in the product topology
because it is a countable product of compact spaces. Associated with any DRC (and for notational simplicity, ignoring
the dependence on the initial state) is a pair of discounted utilities (V;, V). Let I" denote the set of DRCs and ¥ the set of
associated discounted utilities. Consider any convergent sequence in ¥ and the associated sequence of DRCs in I". By
sequential compactness, the latter has a convergent sub-sequence that converges pointwise to some limiting contract. By
the dominated convergence theorem, the limit of the sequence of utilities at each s” along the subsequence must satisfy
the self-enforcing constraints (2) because utilities are continuous functions of contracts in this topology when § < 1,
and because the constraints are weak inequalities. Thus, the limit contract is a DRC, and the limiting sequence of the
associated lifetime utilities has a limit point that corresponds to the limit DRC. It follows that 7 is closed and bounded,
and hence, a compact subset of R?. The existence of optimal contracts then follows by maximizing weighted sums (with
non-negative weights) of utilities over this set. m

LEMMA S: Under Assumptions 1-3, fori, j=1,2, i # j, optimal actions satisfy a;(s') > a (a;(s"),s;), and (a1 (s'),az(s")) >
aVE (s;) > 0, for any history s'.

Proof. We drop the state notation because nothing depends on it. We first note that ¥ > 0 because, from Lemma 2,
af’ (aj) > 0 for all a;. The proof proceeds in two parts. The first is to show that one cannot simultaneously have
ay < a(a) and aj > a (ay) or vice-versa. Thus, the actions must be either above both reaction functions or below both
reaction functions. The next part shows that it is impossible to have (aj,a2) < (a)F,d)F) with strict inequality for at
least one agent. Since the reaction functions are non-decreasing from Lemma 2, this rules out that both actions are below

the reaction functions. Finally we show that &£ > 0.

Step 1: Suppose that at some date 7, a, < @y (a1) and a; > al (a2). Then

dr(ar,ar) S 992 (ay,ad (ar))
8a2 aaz

(S.1) =1

since ¢, is strictly concave, and

I¢i(ar,a2) 991 () (a2),a2)

(52) day - day

by complementarity, given a; > aI]V (az). Consider a small increase in a; of Aa; > 0. The consequent increase in output is
approximately (dy(a;,as)/day)Aa,. If the self-enforcing constraint of agent 1 is not binding, this increase in output can
be given to agent 2 without violating any constraints. Suppose then, that agent 1’s self-enforcing constraint is binding.
Change the contract by increasing agent 1’s consumption at date 7, so that her utility increases by the same amount as
the increase in her deviation utility. From the envelope theorem, the increase in the deviation utility is, to a first-order
approximation, D (az)Aaz = U (¢1(a) (a2),a2) — a (a2)) (91 (a) (a2),a2)/daz) Aa,. The remainder of the extra output
(we show this is positive below because agent 2 will be better off) is given to agent 2. Keep the future unchanged. We
now show that these changes meet the constraints and lead to a Pareto-improvement, contrary to the assumed optimality
of the contract. Let w; denote the current utility of agent i. First, agent 1 is no worse off (in fact better off, given the
hold-up assumption) and by construction her self-enforcing constraint is satisfied. For agent 2, the change in current
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utility is, to a first-order approximation,

Hone) _ el lo)e) @) el ),
day uy(c1 —ay) day o

(S.3) Awy ~ iy (cr —an) (

Since agent 1’s self-enforcing constraint is binding, Vi = D (a») and therefore u1 (c1 —a1)+ 0 ¥c.o T V] = u1 (1 (a’lv (a2),a2) —
a¥(a2)) + 8 ¥ e Ty D} (b (r)). Also, since V] > D7 (aYE(r)), u1(¢1(a) (a2),a2) — @) (az)) > ui(c1 — ay). Therefore,

it follows that ) (¢ (@) (a2),a2) — @) (a2)) < i} (c1 —ay). Using this, the fact that dy(ay,a2)/das > Y7 (a1, az)/daz,

from Assumption 3, the inequality in (S.2) above, gives

Iy(a,ar)  uy(§1(a) (@), @) —aY(a2)) 991(a) (a2),a2) _ Oy(ar,a2) 9¢i(a1,a2) _ I¢a(ar,a2)
day uy(c1 —ay) dar - da dar = da,

Then using (S.1), the bracketed term in (S.3) satisfies:

<8Y(a1,a2) ) (91(a) (a2),a2) — dY (a2)) 991 (a) (a2),a2) - 1) > 0.

8a2 I,t/l (Cl —al) 8a2

Thus, for Aa; small enough, Aw, > 0. Agent 2’s constraint is satisfied because ay, and hence also D;(a; ) are unchanged,
while his utility has risen, so a Pareto-improvement has been demonstrated. A symmetric argument applies when
a; < allv(az) and ap > alzv(a]).

Step 2: Suppose that (a1,a2) < (a}F,a)F) with strict inequality for at least one agent, say agent 2. Consider replacing
the actions with the Nash equilibrium actions alF, so that output rises from y(a;,a) to y(a),a)®). Let agent 1 have
consumption of ¢ (aﬁVE , aZZVE ) and give the remainder of the output to agent 2 (we shall show that utility does not fall, so

consumption does not fall, and thus, the change is feasible). The change in per-period utilities are

Awy = uy (¢1 ()", ab") —a\") —ui (c1 —ay)

(S4)
Awz = wr (y(a)”,a5") — 91 (&, a)") = a5F) —wa(c2 — az) = ua (92(a)*,a5") — a5) —ua(c2 — a2).

By the definition of (a}F,a)¥), Di(ajij) = ui(¢;(a)F,abF) —aE)+ 6L, cn EYrDi(aj}ff, r) fori=1,2,i+# j. Hence, for
agent 1
(S.5) Di(a}®) = Di(az2) = u1 (91(a*,ay") —a}") —u1 (91 (a} (a2), a2)) — @ (a2))),

with a similar expression for agent 2. Using the expression for Aw; in (S.4) and (S.5) gives,

Awy — (Dy(a5") = Di(a2)) = (u1 (91 (a)",a5") — a)*) —uy () —ar)) —
(S.6) (1 (91 (a)", 5" ) — a)®) —ur (1(a) (a2),42)) — af (a2))))

= u1(¢1(a) (a2),a2)) — @) (a2)) — w1 (c1 — ar).

We can assume that V| = Dj (ay), otherwise it would be possible to raise a, and reallocate output in a Pareto-improving
way. Thus, by the same arguments as in Step 1, u1 (91 () (a2),a2) —al (a2)) > ui(c1 —ay), so that Aw; — (D (aF) —
D (ay)) > 0: the change does not violate the self-enforcing constraint of agent 1. Moreover, since a12VE > ay by assumption,
and since Lemma 3 shows that D (ay) is strictly increasing, it follows from (S.6) that Aw; > 0. Now consider agent 2. The
new consumption of agent 2 is equal to y(a}t',a)) — ¢ (a)F, a)), which by Assumption 3 is at least ¢ (a}'F,a)F). Thus,
the change in current utility of agent 2 satisfies Aw, = u2 (92 (alE,a)F) — a¥E) — us(c; — ap) and the same argument as
above can be applied to show Awy — (D (a}®) — D5 (ay)) > 0. Thus, we obtain a contradiction to the assumed optimality
of the original contract. m
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LEMMA 6: Under Assumptions 1-3, fori, j=1,2, i j, if for any history s', ¢;(s') = y* (a1 (s"),a2(s")), a (a;(s"),s:) <
ai(s') < aj(aj(s"),s;) and Vi((s',r)) > Df(a’jVE(r))for allr € 7, then

ui(y"(a1(s'),a2(s")) — ai(s')) + & %ﬂs-tr‘/i((st, r)) > D} (aj(s")).

Proof. We drop the state notation for the current state because nothing depends on it. Suppose ¢; = y(aj,az). From

Lemma 5, optimal actions satisfy a) > aY (az). Thus, @) (az) < ay < a}(az) and y(ay,a2) —a1 > y(d (a2),a2) — dY (a).

Equally, by Assumption 3, @V (a2) > 0, so that y(a¥ (a2),a2) — @l (a2) > ¢1(a) (a2),a2) — a (az). Thus, u; (y(ar,a2) —
ar) > u, ¥ (az). Write V[ for next-period continuation utility in state r. Then,

D, (az) = l,t[lv(az) + SZE\rD’i (QZZVE("))

<uwui(y(ar,az) —ar)+ SZHS,V{,
r

where the second inequality follows from u; (y(a1,a2) —ay) > ul (a2) and V| > D’ (adE(r)). m

LEMMA 7: For each s € .7 and under Assumptions 1-3 (i) under either Assumption 4 or Assumption 5, V3 (Vi) is a
continuous and concave function of Vy defined on a closed interval |V}, V{]. (ii) Under Assumption 4, V3 (V1) is strictly
concave over any interval such that d*(Vy) varies with V\; under Assumption 5, V5 (V) is strictly concave over any
interval such that d*(Vy) varies with V1, or if u; is strictly concave, i = 1,2.

Proof. We first note that Assumption 4 implies that z*(d) is strictly concave. Since z°(d) + g’(d;) is concave, Z(d*) —
Az (d)+ (1 = 2)2*(d) > ( (Agi(di) +(1—2A)g;(d ;) — g% (d}) for pairs d and d and d* = Ad + (1 —1)d and 4 € [0, 1].
Since g}(d;) is strictly convex, (Ag5(d;) + (1 —2)g ( ) — g](d’l) >0forA e (0,1)andd; #d;and i, j=1,2,i+# j.
Hence, for d # d and A € (0,1), we have z*(d*) — (ﬁ.z (d)+(1- #(d) > 0, so that z*(d) is strictly concave.

First consider Assumption 4. Let (x(s 1),d(s"));2 and (x(s"), d(s ))t o be two OCs with utilities of (V1,V5 (V1)) and
(V1,V5 (V1)) respectively, with V; # V) (if there is a unique OC, i.e., a unique Pareto-efficient allocation, then the lemma
is trivial). Take a convex combination of the two contract actions, such that d* (s') = Ad(s") + (1 — ),)d (s") is chosen
each period, 0 < A < 1. Define, for i, j = 1,2, # J,

\/&.u

R (s') = g% (d} (s")) — (Ag“; (di(s") +(1 —7L>gj'-’(d7<s’)) :

Since g% is convex, /2; < 0. We want to show that it is feasible to choose %;(s") such that &(s") = % (s") + g (dl( ) >0,
() +x(s) <z (d}”( "), equivalently & (s') 4 & (s") < y*(d*(s")), and %; (s') > Ax;(s') + (1 — A)%i(s ) equivalently
Gi(s") > (Aci(s") + (1= A)ci(s")) + hj(s"), i = 1,2 (where ¢; and ¢; are the consumptions corresponding to the original
contracts). For notational convenience, we drop the dependence on the state and history for the moment. Let ¢; =
max{Ac; + (1 —A)¢; + ha,0} and & = y(d*) — . There are two cases to consider: case I, where Aci + (1 — )¢ +
hy <0, and case II, where Ac; + (1 —A)c) +hy > 0.
Case I. In this case, ¢; =0 and & = y(dk). Then, by assumption, ¢; > Aci + (1 — A)¢| + hy. Furthermore, & > 0
since actions, and hence, output is positive. Next & — (Acy + (1—=A)é + 1) > y(d*) — (Ay(d) + (1= 2)y(d) +hy) > 0,
where the first inequality follows because ¢, < y(d) and ¢; < y(c/l\) and the second inequality follows from Assumption 4
that z(d) + g2(d1) (= y(d) — g1(d2)) is concave in d.
Case IL. In this case, ¢} = Ac;+ (1 —A)¢; +hp and & = y(dx) — ¢1. By assumption, & > 0. Furthermore, ¢; = y(d’l) —
& = y(d*) — (Aci + (1 = A)& +ha) > y(d*) — (Ay(d) + (1 — A)y(d)) — hy > 0, where the final inequality follows
because y(d) — g2(d1) (= z(d) + g1 (d2)) is concave in d. Likewise, & — (Aca + (1 —24)&) —hy = y(d*) — (A(c1 +¢2) +
(1— l)(cl +¢2)) —hy—h > 2(d*) — (Az(d) + (1 — A)z(d) > 0, where the first inequality follows from c¢| + ¢, < y(d)
andc;+¢; < y(d) The final inequality follows from the concavity of z(d), and is a strict inequality if d # d because z is
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strictly concave.
Now consider the contract (%(s"),d*(s")):>,. We have, by the forgoing and by the concavity of u;, that:

- e gy(d})) = (A i g5(d)) + (1= 2) @~ 85(d)
> Aui(ci—gj(di)) + (1 = A)ui(ci — g(di)),

where for one of the agents the first inequality is strict if d # d (agent 1 in case I, agent 2 in case II). Thus, the contract
(%(s"),d* (s")):=, offers at least as much utility in each date-event pair as the average contract and is feasible and self-
enforcing. By construction, utilities from the new contract are at least A (Vy, V5 (V1)) + (1 — ) (V1. vy (V1)). Considering
cases where d # dA, the first claim of part (ii) follows by straightforward arguments.

Under Assumption 53, it is only necessary to consider case II. Applying the same argument using the concavity of z(d)
shows that (¥(s"),d* (s')):2, offers at least as much utility in each date-event pair as the average contract and is feasible
and self-enforcing. For d # d we again get a strict inequality because z is strictly concave; if u; is strictly concave, then
the second inequality in (S.7) is strict at some date, and hence, strict concavity of V, follows.

Using standard arguments, it then follows that V5 (+) is concave on an open interval (V;,V;) where V; and V; are the
respective infimum and supremum of the projection of the Pareto frontier onto agent 1’s utilities. To show that V;(-)
is in fact concave, continuous and defined on [V;, V1], consider a sequence {V/ };":1 € (V1,V1), such that v/ | V; (that
is, from above). Since all variables belong to compact spaces, assume w.l.o.g. that a corresponding subsequence of
optimal contracts {(x/,d/ )i>0)}5— is convergent. Since all inequality constraints are weak, it is easily seen that this
limit contract is self-enforcing. Therefore, an optimal contract must offer at least the utility to agent 2 from the limit
contract, V»(Vi) > lim,_, VQ(VIP ). Equally, it cannot offer more because this would violate concavity of the value
function (creating a discontinuity at V). The fact that V»(V)) is continuous and decreasing on (V) ,V1) then implies that
Va(V1) > Va(Vy) for all V; € (V4, V1), and hence, that this point at V; is constrained Pareto efficient. A similar argument
applies at V;. m

LEMMA 8: Under Assumptions 1-3 and under either Assumption 4 or Assumption 5, the Pareto-frontier V3 (V1) is
continuously differentiable on (V{, V), where Vi <V} for each s € .. Moreover,

viOw) =0 and VO (W) =—

s(+)

where V," "’ denotes the right and V2‘Y ) the left derivative.

Proof. Assume V; < V¥ (this is established later). Fix Vi = V{ € (V{,V}) and let the superscript “0” represent optimal
values of other variables (these need not be unique). Since nothing depends on it, the notational dependence on the state s
is dropped Recall that by Lemma 5, output is positive. Hence there are three possibilities: (A) ¢ =0 and ¢§ > 0, (B)

{>0and c§ >0, or (C) ¢f >0 and ¢§ = 0 (only possibility B is relevant under Assumption 5). First, consider case
(B) and deﬁne 1=V~ do and Y§ :=Vy —d{ where Y{,Y9 > 0 in any DRC. Also V5 = V»(V}). Likewise, we have
the recursive equations u (c‘l’ —2(d)) + 8L e Ve = VD and un(z(df,d9) + g2(d) — ) + 8 ¥ e.r T V3 = V5.
Consider the following equations where the future values, but not (necessarily) the current values, are at their optimal
levels:

Vi—ui(c1—ga(di) =8 Y m, Vi,
res

Va—u(2(dy,da) + g2(dr) — 1)) = 8 Y Vs
res

—dy =
Vo—d, =13,
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Since the functions u;, g; and z are continuous and differentiable, the implicit function theorem asserts the existence
of continuous and differentiable functions & (V1), di(V1), d2(V1) and V»(V;) in an open interval around V{ such that
¢1(VY) = ¢ etc. and for each V) in the interval

Vi—u (@ (Vi) —g(di(V1))) =6 Y, V[,

res
(Vi) —ua(2(di(V1),do (V1)) + g2(di (V1)) —E1(V1)) = 8 Y 7 V5°,
res
~dr(1) =1,

Vz(Vl) 7d~1 (Vl) = Tg,

provided the determinant of the Jacobian matrix, J, of this system (all functions evaluated at the optimum V) satisfies:

dz
(S.8) |J|:u1<1 uzg >7éo

Given that «} > 0, the condition is equivalent to the linear independence constraint qualification, which holds unless
Vi = V5.

We have Vz(Vf’) =V5(V?) and V»(V}) < V5(V}) because V5 (V;) is an optimal value function. Since V»(V;) is concave
(Lemma 7, which does not depend on differentiability) and given V,(V;) is differentiable, and V5 (V) = V»(V) with
V5 (V1) < V5(V1), Lemma 1 of Benveniste and Scheinkman (1979) can be applied, and therefore, it follows that V> (V}) is
differentiable at V.

Next, consider case (A): ¢§ =0 and ¢ > 0. We can proceed as before except that by Lemma 6, agent 2’s self-enforcing
constraint is not binding. Thus, V, > d, and this constraint can be ignored. Instead, hold ¢; = 0 fixed. Therefore, consider
small changes in the current contract (that is, varying a,as, Vi, V»), which satisfy:

Vi—ui(—g(di)=8Y mV°
res

Va—us(2(dy,da) +g2(dh))) =6 Y m/Vs
re
-

Here the implicit function theorem can be applied directly because the determinant of the Jacobian of the system is
u} g5 > 0. Again applying Lemma 1 of Benveniste and Scheinkman (1979) shows that the function V,(V)) is differentiable
at Vi. A similar argument applies to case (C). In particular, it can be shown that Vz_1 (V) is differentiable at Vo = V,(V}).
Since V, ! () is strictly decreasing, V5 (-) is differentiable at V;. Since V»(V;) is differentiable and is a concave function
on [V}, V}], it follows as a corollary to Theorem 24.1 in Rockafellar (1997) that the function has a continuous derivative.

Next we confirm that V; < V. Suppose to the contrary that the frontier consists of a single point. We establish a
contradiction. For cases (A), (B) and (C) let |J| denote the determinant of the Jacobian of the systems described above
and let |J'| be the corresponding determinant of the Jacobian with the agent indices swapped. If either |J| £ 0 or |J/| # 0,
then the existence of the differentiable subfunction V5(V;) establishes that there are feasible points which offer one of
the agents a higher utility, contradicting the hypothesis. Thus, it can only be that case (B) applies and that [J| = |J/| =
Rewriting the term in brackets in (S.8), this implies

(5.9 (1-u}((92)/(9ai))g}) = (u;/D})((99;/dai) + 1 = (dy/dai)) =

i# j,i,j=1,2. Since («;/D’;) > 0, this implies (dy/da;) — 1 — (d¢;/da;) = 0. Consider a small increase in a; of A.
Suppose that of the increase in output, agent 2 receives the increase in her default, approximately Ad¢,/da;, while the
remainder is allocated to agent 1. Given equation (S.9), the reamainder is approximately Ady/da; — Ad¢,/da; = A
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Since A is agent 1’s extra effort cost, she suffers no more than a second-order loss, while agent 2 has a first-order gain in
utility of approximately u5Ad ¢, /da;. When state s recurs, make a corresponding increase in a,, and thereafter continue
alternating between the two agents. Since 0 > 0, for A small enough, there is a first-order gain in discounted utilities
for both agents, and the first-order increase in deviation utilities is always more than matched by an increase in the
constructed contract utilities. Thus, an allocation which offers strictly more than the initial equilibrium can be supported
as an equilibrium, again giving a contradiction.

‘We now show that
ViP(vi)=0 and Vi(V) = —e.

Suppose to the contrary of the assertion that VZH)(Yl) < 0 (it cannot be positive by definition of it being a Pareto
frontier). By a previous argument, for every V; € [V, V;] at which the implicit function theorem can be applied, there is a
continuously differentiable function V5(V;) which describes utilities to agent 2 from DRCs which yield V; to agent 1.
Moreover, the theorem together with the optimality of the function V,(V}) imply that there is an open neighborhood of V;
such that V5(V; +€) > V»(V; +¢) for all € > 0. At V; =V, this therefore implies V; (V) < VZ(H(Yl) < 0. The implicit
function theorem (which applies if V;(V;) is finite) then implies that there is an € > 0 with V5(V; —¢) > Vo (V1) = Va (V1)
corresponding to a DRC. Consequently, the Pareto frontier must extend below V;, which is a contradiction. A similar
argument applies at V. m

LEMMA 9: Under Assumptions 1-3 and under either Assumption 4 or Assumption 5, d? (V1) is a continuous function
of Vi foreach s € ¥ and i = 1,2.

Proof. Again we suppress the notational dependence on the state s. To see the uniqueness of d as a function of Vi,
suppose to the contrary that (x,d, (V),c.») and (X, dA, (\71’),E ) are both optimal at V; with d # d. Consider the convex
combinations d* = Ad + (1 — A)d for some A € (0,1) and define & and cases I and II as in the proof of Lemma 7. In
case I, agent 1 is strictly better off while agent 2 is no worse off; in case II, as d # d, agent 2 is strictly better off while
agent 1 is no worse off. As shown in Lemma 7, this change is feasible, and delivers a payoff profile that is Pareto-superior
to that at V}, contrary to the optimality of the two original contracts.

To establish continuity of d;(Vy), let {V/ }:;:1 be such that V/” — V}*. Since all variables belong to compact spaces, assume
w.L.o.g. that the corresponding sequence of optimal choices {(x”,d”,(V|),e )}, is convergent to (¥, d,(V)res),
and let (x*,d*, (V]*),c.») be the optimal choices at V;*. Assume that d # d*; a contradiction will be established. By
continuity of all the constraints, (¢,d, (V]),c.s) is feasible for V}*, and since V3 (V;) is continuous (from Lemma 7), this
choice attains the maximum, contradicting the uniqueness of d as a function of V. m

LEMMA 10: Under Assumptions 1-3, and for i, j = 1,2, i # j, for any history s, (i) if Vi(s') > d;(s"), then a;(s") >
ai(ai(s'),s:); (i) if ci(s") > 0, then a;(s") < aj(a;(s'),st).
Proof. Again we drop the state notation for the proof. Parts (i) and (ii) follow directly from the first-order condition (4c). (i)
If V; > dj, then w; = 0 and therefore, from (4c), dz°(a)/da; < 0. Thus, a; > a}(a;,s), that is, there is no underinvestment.
(ii) Equally, if ¢; > 0, then % = 0 and therefore, from (4c), dz*(a)/da; > 0. Thus, a; < aj(aj,s), that is, there is no
overinvestment. m

Proofs of Lemmas for Section 4
For this subsection we maintain Assumptions 1-4 but additionally assume that agents are risk-neutral with u;(x;) = x;.

LEMMA 11: For each s € .7, the Pareto-frontier V5 (-) is strictly concave on [V{,V{*) where V* := inf{V;: V' (V}) =
—1}, and on (V{*,V{] where V{* := sup{V:V;' (V) = —1}. If first-best actions are not sustainable in state s, i.e, for
s € %, then V5 (-) is strictly concave on [V{,V}].

Proof. It follows from Lemma 7 that the Pareto-frontier is strictly concave provided that for any two values V; and
Vi, Vi # Vi, such that the corresponding choices satisfy d # d. If d(V}) # d*, then one or other of the self-enforcing
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constraints is binding, Therefore, taking a neighborhood about V; shows that d cannot be constant on this neighborhood,
and hence, that the frontier is strictly concave (on the neighborhood). If, however, d(V;) = d*, then the actions are
first-best, implying ; = %; = 0. Thus, from the first-order condition (4b) with u = 1, it follows that V;(V;) = —1. By
concavity, the set of values of V; where V;(V;) = —1 is an interval (possibly degenerate). Since V, ) (Vi) =0 and
st (7)(‘71) = —oo, this interval is contained in the interior of [V;,V;]. m

LEMMA 12: With probability one, there is a random time i < o such that {(t) converges monotonically to 0 with
C(t)=0forallt >7—1.

Proof. Recall the three subsets of A* = [V, V5] CRy4: A ={V) € A%:¢§ =0}, BS = {V; € A’:¢} > 0and ¢ > 0} and
C* ={Vi € A’:¢§ = 0} where (c{,c9) represents an optimal value for consumption at V;. For notational convenience, we
drop the state superscripts and define 6(+1) := o (¢). Recall that §(¢) = max{& (), {(¢)} and that from the first-order
conditions ;(t) = —In(o(r+ 1)) and & (¢) = In(o (s + 1)). First, if o(r) = 1, then o(r+1) = 1. Using (4b), this is
immediate if V| € B. It also follows that 6(¢t+1) = 1 for V} € A or V; € C because, for V; € A, 1 > o™ > o and for
Vi €C, 1< ot < 0. Next, suppose w.l.o.g. that oy < 1. Since o > 1 for V| € C, it follows that V| € A or V| € B. For
VieB,o(l)=1,andforV; €A,1> 0" > 0. Hence, 1 > 6(t+1) > o(¢). Thus, {(¢) declines for all 6y. It remains to
establish that convergence to o(r) = 1 occurs. Let ¢’ be the random period when ¢; > 0 first occurs. We first show that
¢’ < o almost surely. Notice that by virtue of a; > aZIVE (s) > O for any state s, when ¢; = 0, agent 1’s utility is at most
—a (s). Let —a1 := maxye.»{—a)E (s)} < 0. Since net utilities are bounded in equilibrium, denote by i the maximum
utility to agent 1 in any state. Let 7 be such that 8%i7; /(1 — §) < g;. Then, starting in any state s at any date ¢, it must be
the case that ¢; > 0 on some some positive probability path within the next T periods because otherwise future utility after
t + 7 cannot compensate the current negative utility. Letting & be the minimum probability of any such 7-period path
(that is, the minimum probability of a positive probability path), we conclude that after history s’, there is a probability of
at least & > 0 that ¢; > 0 before ¢ + 7. Consequently, Pr[3¢such thatc; (¢) > 0] = 1. From the above argument, we have
o(t) <1,butifc;(r) >0atz, thenV; € BorV; € C. If V| € B, then o(r+1) = 1; if V; € C, then o(¢) > 1, and hence,
combining inequalities, o () = 1. Hence, Pr[Jzsuch that{(r) =0] = 1. m

LEMMA 13: For each s € ., the surplus function z°(Vy) is a continuous and single peaked function of V. That is, for

any Vl(1> < Vl(z) < V1<3>, it is not possible that zS(V1<1>),zS(V1(3)) > z"(Vl(z)). Moreover, (V1) is maximal when o5(V;) = 1.

Proof. Continuity follows from Lemma 9. Suppose, to the contrary, that z°(V}) is not single peaked and that there
is Vl(l) < V1<2) < V1(3) such that zs(Vl(l)) > zS(V1(2>) and zS(V1(3)) > zS(V1<2)). By concavity of the Pareto-frontier, there

is some A € (0,1) such that the convex combination of contracts satisfies VIM) = 7LV1(1) +(1— /'L)Vl(3> < Vl(z) and

VZ(M =AVy (Vl(l)) +(1- A)V;(VIG)) <V (Vl(z)). Let d*) and ¢!’ denote the optimal choices at Vl(k) fork=1,2,3. In

addition, let diw = Ad}l) +(1— l)di@). Lemma 7 shows that under Assumption 4 surplus is a concave function. Hence,
2(@M.dMy =22 @ . d) + (1-0)2@,dd) = 22 (V) + (1-0)2 (V) = min (V1Y) 2 () > 2 (v,

Now consider the contract at Vl(z) and replace dl-(z) by di(M, and replace cl(z) by ¢;, such that &; — gj (di(l)) > cl@ — gj»(dl@))

and ¢; + & — g%(dfl)) -8 (dgl)) = zs(dgk), gl)). The existence of such ¢ is guaranteed by the strict inequality just

established that zs(dfl),dém) > z“(d52)7d§2)). While making these changes to current utilities, keep continuation utilities

unchanged. The new utilities satisfy V; > Vi(z) > Vi(M > dj(-l), where the first inequality follows from the construction
of the new contract, the second inequality follows from the concavity of the frontier and the choice of A, and the third
follows from the definitions of Vi(M and d}k) and the constraints Vi<k) > d](-k). This provides a contradiction, and hence,
we conclude that z(V}) is single peaked.

Consider o5(V;) = 1. If V| € A® or V| € C¥, then it follows from the first-order conditions that actions and surplus are first-
best. For V| € B?, there are two possibilities: either y; = i =0, or y, tp > 0. In the former case, actions and surplus are
first-best. In the latter case, note that the first-order conditions can be used to show w; = (dz*/dd)/(1 — (dz*/dd,)) and

W = (97°/dd,)/(1—(dz°/dd)). It has already been shown in Lemma 8 that (1 — (dz°/dd)) # 0 except possibly where
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Vi =V} Hence, from Lemma 9 and the continuity of the functions z* (and g}), the multipliers are continuous functions of
Vi and py, r > 0 in an open neighborhood of V;. Thus, in this neighborhood, d» (Vi) = V; and d; (V1) = V5 (V1). Since
V2 () is a differentiable function, d; is a differentiable function of V; in this neighborhood, with derivatives dd, /dV; = 1
and dd, /dV; = —o,(V}). Hence,

dz* (V1)

8Z‘Y(d17d2) 8zs(d1,d2)
v, '

dd, dd,

=—0o,(V1)

It can also be checked from the first-order conditions that the derivative dz*(V;)/dV; is zero when o5(V;) = 1. Moreover,
it can be seen that z* (V) is concave in this neighborhood, and hence, the surplus is maximal. m

Proofs of Lemmas for Section 5

For all proofs in this subsection, we maintain Assumptions 1-3 and 5. Additionally it is assumed that agents are risk
averse, that is, u; is strictly concave for i = 1,2.

LEMMA 14: For each s € ., a solution to [P1] has the property that z*(ay,az) is maximised over a € Ri subject to
Vi > Dj (a2) and VZS(Vl) > Dy (ay).

Proof. We work in terms of the variables d rather than directly in terms of the actions a and show that z°(d;,d,) is
maximised subject to Vi > d» and V3 (Vi) > d,. Suppose otherwise, and replace (d;(V1),d2(V1)) by some (di,d2) € D(s)
satisfying these constraints with z*(d,d>) > z*(di (V1),d2(V1)). In doing so, hold ¢; — g5(d;) and (V[),c.» constant.
With these changes, all constraints are satisfied, but the maximand is increased, leading to a contradiction. m

LEMMA 15: For each s € .7, the surplus function z*(V}) is continuous, concave and differentiable in V.

Proof. Taking each property in turn.

Continuity: Continuity follows straightforwardly from the Theorem of the Maximum.

Concavity: Take any Vi and V] in [V{,V}] and the convex combination V}* = AV; + (1 —2)V/, 0 <A < 1. Let
d* := Ad;(V1) + (1 — 2)d;(V]). Since V; > d;(Vy) and V/ > d;(V}), it follows that V} > d%. Similarly, V5 (V}) > d},
from the concavity of V;(V;). Consequently, (df“,d%) is feasible at Vll, and therefore, by Lemma 14 and the concavity
of 2*(d1,dr), 2 (di (V}'),da(V])) > 22 (d},dd) > A2* (di (V1),da (V1)) + (1 — 2)Z°(d1 (V]),da(V])). Thus, the concavity of
Z*(V1) is established.

Differentiability: To establish differentiability fix V} € (Vi,V?) with optimal choices d;(V;) and d»(V;), and con-
sider a V; in a neighborhood of V; (C [V$, V). Consider (dy(V1),d2 (V1)) satisfying dy (V1) —da (V1) = Vi — V; and
dy (Vi) —d\ (Vi) = V5(Vi) — V5 (V1). By construction, (d)(V;),d>(V)) is feasible, and by the differentiability of Vs (V;)
and 7°(d1,d,), this traces out a differentiable function for Vi, z°(d;(V1),d2(V1)) in the neighbourhood of V;, with
2(di(V1),d>(V1)) = z°(V1). From Part A, z*(dy(V1),d>(V})) < 2°(V}). Therefore, applying Lemma 1 of Benveniste and
Scheinkman (1979) establishes differentiability. m

LEMMA 16: For each s € . (i) dz*(Vi)/dVi > 0 (< 0) implies p; (Vi) > 0 (u3(Vi) > 0); (ii) there are two critical
values %§ € (V$, V5] and x; € [V, V§), such that d5(Vy) = Vi for all Vi < X} and d§(Vi) = V5 (V1) for all Vy > xi.
Moreover, uf(Vy) =0 for ‘71“' > Vi > ¥ and u5 (Vi) =0 for Vi < Vi < x7 (if such Vi exist). If the efficient actions can be
sustained in state s, then Ji < xi. Otherwise, X7 > xi, and surplus is ;naximizedfor a unique value of Vi € (x3,X}) at
which both constraints bind. ) )

Proof. Since nothing depends on it, we drop the state superscript in what follows. Result (i) follows immediately from (6)
(which follows from the first-order conditions) and the the first-order condition (4a) (setting v/ =0 fori = 1,2).

To prove result (ii), let the surplus function be at a maximum between V;* and V;* (with a unique maximum if V;* = V}).
There are two possibilities: case (a), V;* < V/, and case (b), V;" = V;" =: 1. In case (a), it follows from (i) that
p1 (Vi) > 0 for Vi <V}, and hence, d; (V1) = Vo(V1) for Vi < V}*, where the weak inequality follows by continuity of
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di (V1) and V2(V1). Likewise, (Vi) > 0 for V; > V', and d»(Vy) = V) for Vi > V. Since z(d) is strictly concave, and
z(V1) is constant on [V}, V], it follows (see proof of Lemma 13) that actions are first-best and 1 (Vi) = (Vi) =0
on this interval. Next, consider some V; < V. We want to show that /.1,2(\71) = 0. Suppose to the contrary that
u2(Vy) > 0. Then, setting 3; = 0, i = 1,2 in the first-order condition (4c) shows that dz(d; (V;),d2(V1))/dd; > 0 and
d\ (V1) =Va(V1) > Vo (Vy) > dy (V}), where the strict inequality follows because V»(-) decreasing. Since 1> (V) = 0 (by
efficiency), it follows that dz(d; (V}),d2(V;))/dd) = 0. Since dy (V1) > d; (V}), and because by assumption 9%z/dd? < 0
and 9%z/dd;dd, > 0, it follows that d, (V) > dy (V). But uy (Vi) > 0 for Vi < V;* by the first part of the proof, so that
d (V1) =Vi <V} =da(V}) (where the last equality follows by continuity), yielding a contradiction. A similar argument
shows that ; (Vi) = 0 for V; > V.

For case (b), define \71“ 2 € [V1, f1] to be the largest (supremum) value of V; with i (V1) = 0 (recall g, (Vy) > 0 for Vi >
by part (i)). First, suppose such a value exists. Noting that t;(V}) > 0 for V| < g1, for V; < VI” 2, replace V;* by ‘71” 2 in the
argument given in case (a), to show that (V) = 0 for V; < V]“ 2, A symmetric argument can be used to show u; (V) =0
for all V > V"' if there exists a V! € [f1, V1] such that p; (V") = 0. then p; (V) = 0 for all V > V"', Therefore, set
21 =V} and 71 = V/"'. Note also, that if ¥ = ¥} (= 1), then 11 (%1) = w2(21) = 0, by continuity of the multipliers
inV; (setting %, = 0, i = 1,2 in equation (4c) and modifying the argument in Lemma 13), then actions are first-best at
#1. Finally, if there is no \71“ 2 € [V1,41] to be the largest (supremum) value of Vi with up(V;) =0, then set x; = V. In
this case, 1> (V;) > 0 and both actions are under-efficient at ¥;. Likewise, if there is no Vl” ! such that (\71” ) =0, then
721 = V1, 1 (V1) > 0 and both actions are under-efficient at Vi = V;. m

LEMMA 17: For each V, € [V}, V}]

Proof. Setting v/ = 0 for i = 1,2 in equation (4a), and also setting y; = 0 for i = 1,2 in equation (4b), and substituting
gives:

(S.10) o (Vi) = o (Vi) =ty (crx(vl 2. B0) azs(diy(vl)’dg(vl)» .
ad; dd,

The bracketed term on the right-hand-side of equation (S.10) is equal to dz*(V;)/dV;. To see this recall that dz°/dd; > 0
and first note that if dz*/dd; > 0, then i, > 0 and (3c) holds as an equality. Therefore, df (Vi) = V5 (V1) and consequently
ddj/dv, = V3’ (Vi) = —oy(V1) < 0. Hence, —o,(V1)(dz*/dd,) equals (dz°/dd;)(dd]/dV;), with the same equality
trivially holding if dz*/dd; = 0. Likewise, if dz*/dd> > 0, then (3b) holds an equality and dd3/dV; = 1, and hence,
(0z°/dd») = (dd5/dV1)(9z*/dd») (again, also holding trivially if dz*/dd» = 0). From Lemma 15, the surplus function is
differentiable and therefore, using the total derivative of z*(d; (V1),d5 (V1)) with respect to V1, it follows that bracketed
term in equation (S.10) is equal to dz*(V;)/dV;. Hence, equation (S.10) can be written as

o, (Vi) —o(V1) =

which is equation (6) in the text. m

Proof of Proposition 1 in Section 5

PROPOSITION 1: For each state s € .7, (i) for all mu € Ry, h(mu,s) — h®S(mu,s) as 6;; — 0, i,j = 1,2, i # j, all s.
(ii) For § > § and any 1 satisfying (1/2)(pRS — [_)fs) >1 >0, all s, there exists € > 0 such that for 6; <&, i,j= 1,2,
i # j, all s, h(mu,s) = mu for all mu € [;_)SRS—F’r],ﬁSRS -1nJ.
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Proof. To nest the hold-up and risk-sharing models consider the following problem:

e t !
[P2] oA E [%05 up(xa(s")) | so}
(S.11a) subjectto  E [Z,ZO 8'ur (x1(s)) | 50} > Vi(so)
(S.11b) wi(xi(s')) +E [ZT 1 87 i (s7)) |sl} > F¥(a;(s'),0,6) i=1,2 and Vs
(S.11¢) x1(s") +x2(s") < #(a(s')) Vs

For F’(a;j,0,8) = Di(a;;0) (where the dependence of the deviation utility on the default parameters has been made
explicit) and 2°(a) = z°(a) := fi(a1) + f5 (a2) — a1 — ay, the solution to this problem is the solution to our hold-up problem
(henceforth, the HU problem). Define Y := f7(aj (s)) —a}(s), £*(a) = Y{ +Y; and for & > 0,

F(a;,0,8) =u;(Y})+E {Z:;l §%ui (77 | s0 = S} +é.

We call this the £-RS problem (it is independent of a). When & = 0, this is the standard risk-sharing problem. Define
6= (ij)i’jzlyz,sey with 67 = 1 and for i # j, 0;;=0,i=12allse ., and denote this by 6°.

Thereexists§(9)>0,§( 0) - 0as 8 — 6°, suchthatforall@(e‘ >0,i,j=1,2, andZ gl,j:l,Z), all
0<ar<a;(s),allse .7,

D (a2:6) := maxuy (022 (a2) + 01 fi (a1) —a1) +

Z 5T uy (Gféfzsf ( ay (Sr)) +rr111211x (foflsr (a1) —a1)> | s = s]

T>1+1

<E Z 8"y (Ylsf + 6,3 15" (aﬁ)) | s}

T>t

(S.12)

E Y67 (1) |5 +€(6),

™t

where the first inequality follows from a)® (s) < a3 (s) and the fact that if agent 1 deviates, then he gets at most 85, 13 (a3 (s))
more consumption today than his autarkic income Y7, given that max,, (65, f7(a1) —ai) <Y and 6}, f5(a2) < 6}, f5(a3);
likewise in the future given that 6,3 £57 (a)F) < 6,5 £, (a3). (That is, for any 6 near enough to 8°, we can find a & also
small such that adding it to autarkic utlhty in the risk-sharing problem gives a deviation utility bigger than the deviation
utility in the hold-up problem.) Likewise for agent 2. Define [YlRS , VlRS ] to be the projection of the Pareto frontier onto
agent 1’s utilities in the RS case in some state s (dropping the dependence on s for notational simplicity, and where
possible in what follows). By Ligon et al. (2002), u5 (x5 (V{*)) /u} (xf (V) = RS,y (<BS (V) Jul) (x5 (Vf5)) = p*°.
By the assumption that § > §,V{* < V%, and there exists a continuous function & (V;): (V{*,V{*) = R, |, such that for
& < &(V1), the solution to the £-RS problem exists at V; € (VS VRS) (adapting the arguments in Thomas and Worrall
1988).

A.Fix V; € (VFS,VF5). Then, for 6 close enough to 8° such that £(8) < &(V1), {(x(s) = w(s'),a(s")) }r=o is feasible in
the HU problem, where {w(¢) };>¢ solves the £(6)-RS problem at V; and a(r) = a*(s;), which implies (see (S.11b)) at all
sl

w1 (5)) +E[L o 8 i 65 | ZE Y, 8 m (1) || +€(6)
> Dy (ax(s:);0),
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where the second inequality follows from (S.12); and also (S.11c) holds trivially. Likewise for agent 2. Thus, the
constraints in the HU problem are satisfied. Denote by C(8) a solution to the HU problem at V; (when it exists) and by
V2(C(8)) the corresponding payoff to agent 2, and likewise by R(E) and V»(R(&)) the corresponding contract and values
in the &-RS problem, with R(0) the optimal risk-sharing contract at V;. We have just shown that for 6 close enough to 8°:

(5.13) n(c(6)>7:(r(£(0)).

Let 6 — 0°. We assert that limC(8) = limR(é( 0)) (= R(0)). Suppose otherwise, then we can find a subsequence (recall
from Lemma 4 that the space of contracts is compact in the usual product topology, and payoffs are continuous in this
topology) for which limC(6) exists and imC(6) # R(0). For this subsequence, then, V»(limC(6)) = limV»(C(8)) >
limV(R(E(0))) = V5 (1imR(0)) (from (S.13)), but since lim C(8) satisfies the RS constraints (£*(a') is maximal in the RS
problem, so (S.11c) must hold) and offers agent 2 a payoff at least that in the RS problem, this contradicts the uniqueness
of the RS solution. Moreover, for all 8 such that &(8) < &(V1), neither self-enforcing constraint binds and a(O) =a*. To
see this, recall that for & < ;(Vl) the solution to the &-RS problem exists at Vy, so that V; > E[Y,~6'ui (Y]") | so = s] +
EWV1) > E[L508'ui(Y)") | so =s]+ £(6) > D}’ (az; 0) (the latter follows from (S.12)). Hence, agent 1’s self-enforcing
constraint does not bind, and this also holds for agent 2 because V5(C(8)) > V; (R(é(@))) > E[Y,500'ua(Yy") | so] +
£(0) > D3’ (ay;0). Since neither self-enforcing constraint binds, a(0) = a*. Consequently, with ,ul W = 0 from
(N.4a) 0, = o for all such 6, while, (from limC(8) = R(0), 0, = o, and (N.4b), 05(V1) — uy, (x5S (V1)) /uy (xBS (W)
because 6 — 0, where xfs is agent i’s allocation at V; in the optimal risk-sharing contract. So far V| has been held fixed,
but we extend the above arguments for a range of values for V. For € > 0 small enough that YIRS +e< VlRS — &, consider
[V +e,V[¥ —¢]. Since £ (V1) > 0 and continuous on [V + &, V{*S —g], we can define & (&) := miny, ¢y, ¢, & (V1)s

where & (&) > 0. Thus, for 6 such that E(0) < & (e). current actions are efficient (see above) for all V; € €[VRS +e, VRS g,

so that 6" = 6* on this interval. Moreover, at VES ¢, 0,(Vi +€) = b (B (VES + €)) /u) (xBS (VES + €)), and at
VES — &, 0,(VES — &) — ub (55 (VRS —¢)) /u, (xRS(vRS —¢)). Also, for V; € [yRS+e VRS —¢g], cs(yRS +¢&)<oy(V) <
GS(VIRS — £) by the concavity of the value function. It follows that for any ) > 0 and for all 8 close enough to 8°, 6, = o,
for any oy € [uh (X5 (VRS + €)) /u) (S (VRS + €)) + 1, uz(xRS(VIRS —¢))/u (xRS(VRS —¢€)) —n]. Since € and 7 can be
made arbitrarily small, and u (x5° (V) /u; (xS (V) = p, 1y (5 (V) /ud, (655 (V) = pFS, the claim in part (i)
of the proposition follows.

B. Maintain the assumption that § > §. Define V;(6) to be the minimum efficient value for V; in state s in the HU
problem (i.e., where V; (V1 (0)) = 0). Recall that agent 1’s self-enforcing constraint binds at this point, D (a2;0) = V;(0)
(see Lemma 16). Since 6 — 6°, V1(0) = Di(a2;60) — E[Lc>, 8" 'ui (¥;™) | s0] = V1, and consider the sequence of
optimal contracts at V;(8), denoted by C(8), as 8 — 6°. From the foregoing, limC(0) (as before, taking a convergent
subsequence if necessary) yields agent 1 a payoff of V;. Let R denote the optimal risk-sharing contract at V. We assert
that limC (6) R. If V3 (limC(6)) > V5(R), then since imC(0) satisfies the risk-sharing constraints at V; ((S.11c) holds
because z*(a' ) is maximal in the RS case), this contradicts the optimality of R. If Vz (imC(0)) < Va(R): this implies
that we can fix V; > V; close enough to V; such that the RS payoff, say, VF5(V;) > V2(limC(6)) 41, for some 1 > 0,
and from part A, V,(V;;0) (where we make the dependence of V, on 6 in the HU problem explicit) is defined for 6
close enough to 6° and converges to VRS(V;) as 6 — 0°. Thus, for 6 close enough to (V1;0) = VRS (V)| < n /2.
Since for 6 close enough to 6° that V; > V;(8), V2(C(8)) = Va(V1(6);0) > Va(Vy; 8) by V2(+;8) decreasing, then for
all 6 close enough to 8° we have V»(C(0)) > Va(V;:0) > V2(IimC(0)) + /2 = lim Vo (C(6)) 4+ 1/2, a contradiction.
Thus, V2(limC(8)) = V(R), and so limC(6) = R, otherwise, there would be two optimal RS contracts at V;, which
is impossible. Next, at V;(60), o; =0, and limC(0) = R implies that 6, — u5 (x5 (V1)) /u) (x85(V1)). A symmetric
argument applies at V;(0) defined as the maximum value for V; in state s. Given the updating equation is continuous and
nondecreasing, and from part A, the claim of part (i) of the proposition then follows (for > §).

C. Finally, assume § < §: So VRS = VRS =: VAUT say, and there is a unique feasible contract in the RS case, autarky,
which we denote RAYT . As in part B, con51der the sequence of optimal contracts at Vi (8), denoted by C(8), as 8 — 6°.
Vi(0) =D (a2;0) = E[Lo=, 87 "ui (¥)7) | so] = VAUT, and likewise V2 (C(8)) > Da(a1;0) — E[L s, 8 "ua(¥37) | 0] =
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Va(RAUT). Hence, limC(8) (as before, taking a convergent subsequence if necessary) yields agent 1 a payoff of VAUT
and agent 2 a payoff of at least Vo(RAUT). If V5(limC(8)) > V2(RAUT), then since limC(6) satisfies the risk-sharing
constraints at VAU ((S.11c) holds because z*(a(t)) is maximal in the RS case), this contradicts the optimality of
RAUT Hence, V5 (limC(6)) = V5(RAUT) and so limC(8) = RAUT by the uniqueness of the optimal RS contract. Since a
symmetric argument applies at V;(8), both at o, = 0 and 6, = oo, 6, — ub (XK (VAUTY) /u (xRS (VAUT)) = pRS = pRS 50
part (i) of the proposition follows. m )
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DYNAMIC RELATIONAL CONTRACTS UNDER COMPLETE INFORMATION
MATERIAL NOT FOR PUBLICATION

First-order conditions in the Risk-Neutral Case

As in the text consider three subsets of A* = [V, V5], A = {V; € A%:¢¢ =0}, B = {V; € A*:¢{ > 0and ¢§ > 0} and
C* ={Vi € A*:¢§ =0} where (c{,c9) represents an optimal value for consumption at V;. We can rewrite the first-order
conditions of equations (4a)-(4c) for each of these subsets under the assumption of risk neutrality. Consider the first-order
conditions for V; € A®. With risk-neutrality, and remembering that v/ = 0 for i = 1,2, these are given by:

(N.1a) ofVi)=1-n= orana) gaall’ a2)
a 5 ) a d ) s/
(N.1b) (Vi) =1—y—p =2 (521 a2) _ 92 E)a;zaz)gl (da),
27 (ay, s
(N.1¢) o (V1) —os(Vi) = = Z(;leaﬁgl’(dz)-

Similarly, for V| € B®, where y; = 75 = 0, the first-order conditions satisfy:

(N.2a) o (Vi) =1,
9z (a1,a3) st
1 - =572¢\(d2)
d 1
(N2b) O-s(VI) = 1+I~L2 -l = azr(:iaz) » 3
==& (d)
27 (ay,a dz%(ay,a
(N.2¢) o (V) —0,(Vi) =y — 11p = —oMggf(dl) + Mgi/(dz).
(9(1] 802
Likewise, for V; € C5:
+ _ 72 o 1
(N.3a) O (V]) =1+ 1+‘u2 = aysl(;;] @)’
2
1
(N.3b) o(Vi)=1+pn+i= 4 I ;
Tl E )

o, (V1) —os(V1)
o (V1)

azs(al 7a2) s/

(N.3¢) =—l= *GS(VOT& (d).

First-order conditions in the Risk-Averse Case

Setting v/ = 7; = 0 for i = 1,2 in equations (4a)-(4c) gives:

Ha H
N.4 o (Vi) —o,(V)) = —o,(V, ,
(N.4a) (V1) V1) (1)1+H2 1
/
(N.4b) of (Vi) =2,
uy
(N.4¢) B2 Mg and it
' 29d; " 1+ 2 ’ a



	Introduction
	Model
	Economic environment
	Dynamic Relational Contracts

	Preliminary Results 
	Relationship to the Nash actions
	Recursive formulation
	Concavity, continuity and differentiability
	First-order conditions

	Risk Neutrality
	Risk Aversion
	Characterization of Optimal Contracts
	Convergence
	Pure risk-sharing

	Conclusion and Further Work

